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Abstract

The rise of service economy may affect female labor participation as well as fertility. We con-
struct a model where market services can be used for childrearing. We show that an increase
in availability of market childrearing services increases fertility as well as female labor partic-
ipation. The rise of service economy may explain differences in fertility rate among developed
countries.
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1 Introduction

In developed countries, female labor participation rates have been increasing since the 1970s (see
Figure 1). For example, female labor participation rate increased from 49% to 68% between 1970
and 2010 in the United States. During the same period, developed countries experienced decline
in fertility rates, as show in Figure 2. Total fertility rate in the United States decreased from 2.48
to 1.93.

25

35

45

55

65

75

85

1970 1975 1980 1985 1990 1995 2000 2005 2010

France Germany Italy Japan United States OECD countries

source: OECD labor force sta!s!ces

Figure 1: Female Labor Participation Rate

1.00

1.20

1.40

1.60

1.80

2.00

2.20

2.40

2.60

2.80

3.00

1970 1980 1990 2000 2005 2010

France Germany Italy Japan United States OECD

source: OECD Factbook 2015

Figure 2: Total Fertility Rate

These trends in female labor participation and fertility are observed commonly in developed
countries. However, Figure 2 shows that different counties follow different fertility dynamics. It
seems that we can divide developed countries into at least two groups according to their fertility
dynamics. The first group includes countries like France and the United States. In these countries,
fertility decline seems to have stopped around 1990. After that, fertility has remained fairly con-
stant or has even increased. In 2010, total fertility rates of countries in this group are nearly 2. The
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second group includes countries like Germany and Japan, where total fertility rates are as low as
1.4 in 2010.

The present study argues that differences in fertility dynamics or total fertility rate among de-
veloped countries might be associated with the growth of service economy. Figure 3 plots total
fertility rate against share of services. This figure shows a clear positive relationship between
share of services and fertility; fertility rate is high in countries with high shares of services. Even
if we use market service shares, the similar positive relationship is obtained in Figure 4. This
relationship may be interpreted as follow. As the rise of service economy, the market childbear-
ing services would have become more available, which could have been reducing the burden of
childrearing of female. Hence, fertility have remained fairly high at the same time as female labor
participation has risen.
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Figure 3: Services Share (value-added) vs. Total Fertility Rate (2009)
Austria, Belgium, Spain, France, Germany, Italy, Japan, Netherlands, United Kingdom, United

States

To confirm this intuition, we develop a theoretical model in which there are two production
sectors, services and goods. Childrearing requires female’s and male’s time. Besides, market ser-
vices can be used for childrearing. We show that an increase in availability of market childrearing
services increases fertility as well as female labor participation.

The present study is related to Ngai and Petrongolo (2014) who show that the rise of service
economy may account for some part of increases in female labor participation in the United States.
In contrast to Ngai and Petrongolo (2014), we consider the effects of service economy on fertility.

Organization of the Paper
Section 2 presents our model . We also present the partial equilibrium results because they are
useful to understand the mechanism of the model. Section 3 considers the general equilibrium and
shows that the availability of market childrearing services affects the dynamics of female market
labor and fertility. Our concluding remarks are presented in Section 4.
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Figure 4: Market Services Share (value-added) vs. Total Fertility Rate (2009)
Austria, Belgium, Spain, Finland, France, Germany, Italy, Japan, Netherlands, Sweden, United

Kingdom, United States

2 The Model and Partial Equilibrium

2.1 Households

The economy is populated by one unit of representative household. The utility function of the
representative household is

U = ln D + ξ ln n, 0 ≤ ξ < 1, (1)

whereD is a composite of goods and services consumption:

D =

[
ζCC

η−1
η + ζDS

η−1
η

D

] η
η−1

, 0 < η < 1, 0 < ζC, ζS < 1, and ζC + ζD = 1. (2)

C denotes consumption of goods whileSD denotes consumption of services. We assume that
goods and services are poor substitute in (1), 0< η < 1. The number of children that the repre-
sentative household has is denoted asn and satisfies

n =

[
θhh

γ−1
γ + θSS

γ−1
γ

n

] γ
γ−1

, γ > 1, 0 < θC, θS < 1, and θh + θS = 1, (3)

whereSn is the purchase of market services for childrearing andh is the home production of
childrearing services. We assume thatθS ∈ (0,1), except for Subsection 3.2 that considers a
special case whereθS = 0. We interpret market childrearing services broadly so that they include
any services that reduce the burden of childrearing of households. The assumptionγ > 1 means
that childrearing at home can be substituted by market childrearing services. A largeθS means that
(i) there are sufficient market childrearing services available to households and (ii) these services
are highly productive in childrearing.

Childrearing at home is done by using male and female labor,lm andl f :

h =
[
ωml

ϵ−1
ϵ

m + ω f l
ϵ−1
ϵ

f

] ϵ
ϵ−1

, ϵ > 0, ωm+ ω f = 1, and
1
2
< ω f ≤ 1. (4)
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The assumption, 1/2 < ω f ≤ 1, means that the domestic childrearing is intensive in female labor.
The budget constraint of the household is give by

pCC + pS(SD + Sn) = wm(Lm− lm) + wf (L f − l f ), (5)

wherepC (pS) is the price of consumption goods (services),wm (wf ) is the wage rate for male
(female), andLm (L f ) is the time endowment of male (female). We denote the total expenditure
on consumption of goods and market services asED:

pCC + pSSD = ED(= PDD), (6)

wherePD is the price index forD (see (10)). We rewrite (5) as

PDD + pSSn = wm(Lm− lm) + wm(L f − l f ). (7)

Optimization
We solve the utility maximization problem of households in two steps. The first step maximizes
(2) subject to (6), which yields

C =
PDDζηCp−ηC

ζ
η
Cp1−η

C + ζ
η
Sp1−η

S

, (8)

SD =
PDDζηSp−ηS

ζ
η
Cp1−η

C + ζ
η
Sp1−η

S

, (9)

PD =
[
ζ
η
Cp1−η

C + ζ
η
Sp1−η

S

] 1
1−η
. (10)

The following discussion normalizes the price ofD to one,PD = 1.
The second step maximizes (1) subject to (3), (4), and (7). Appendix A shows that the second

step yields

PDD =
1

1+ ξ
(wmLm+ wf L f ), (11)

h
Sn
=

(
θh
θS

pS

)γ  ωϵmwϵ−1
m

+
ωϵf

wϵ−1
f


γ
ϵ−1

≡ H(pS,wm,wf ), (12)

Sn =
ξ

(1+ ξ)pS

wmLm+ wf L f

1+
θh
θS

H(pS,wmwf )
γ−1
γ

≡ Sn(pS,wm,wf ), (13)

h = H(pS,wm,wf )Sn(pS,wm,wf ). (14)

The price of services,pS, and the wage rates,wm andwf , affect the demand for domestic and
market childrearing services. If we solve the following two equations,l f andlm are determined:

lm =

(
ωm

ω f

wf

wm

)ϵ
l f . (15)

wmlm+ wf l f =
ξ

1+ ξ
(wmLm+ wf L f )

θh
θS

H(pS,wmwf )
γ−1
γ

1+ θh
θS

H(pS,wmwf )
γ−1
γ

, (16)

Thus,pS, wm andwf also affect the time allocated to domestic childrearing,lm andl f . The number
of children that the household has is also a function ofpS, wm, andwf :

n =
ξ

(1+ ξ)pS
(wmLm+ wf L f )

[
θS + θhH(pS,wmwf )

γ−1
γ

] 1
γ−1

. (17)
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Implications
Before we proceed to the production side of the economy, we present partial equilibrium implica-
tions of the households’ behavior. We first focus on the demand for services relative to goods.

Result 1Suppose that goods and services are poor substitute in (1), 0< η < 1. Then, an increase
in relative price of services,pS/pC, increases the expenditure on service consumption relative to
that on goods consumption.
(Proof) From (8) and (9), we obtain

pSSD

pCC
=

(
ζS
ζC

)η ( pS

pC

)1−η

. (18)

The assumption 0< η < 1 ensures Result 1.�

Result 1 is fairy standard and shows that a change in relative price triggers a demand shift from
goods to services.

We next turn to households’ behavior concerning fertility decisions.

Result 2 (i) Increases in the wage rates,wm andwf , and decreases in service price,pS, have a
negative effect on the relative demand for domestic childrearing services,h/Sn. (ii) Suppose that
the elasticity of substitution betweenh andSn in n is sufficiently high (γ > 1). Increases inwm

andwf and decreases inpS have positive effects on demand for market childrearing services,Sn,
and expenditure on market childrearing services,pSSn.
(Proof) Differentiating (12) and (13) yields Result 2.

Intuition behind Result 2 is as follows. An increase in the wage rates,wm andwf , makes domestic
childrearing expensive. Since the elasticity of substitution betweenh andSn is high, households
increase their dependence of childrearing on market services.

The next result shows that how domestic childrearing time of female responds to prices.

Result 3 Suppose that the elasticity of substitution betweenh and Sn in n is sufficiently high
(γ > 1) and female does more childrearing than male (l f /L f > lm/Lm). Then, an increase inwf

reducesl f while an increase inpS increasesl f . An increase inwm has an ambiguous effect onl f .
(Proof) See Appendix B.

Result 3 is intuitive. An increase inwf raises the costs of domestic childrearing of female. Thus,
female childrearing time reduces. When the price of market services increases, the use of market
childrearing services decreases, and then female childrearing time increases.

Before examining the effects on fertilityn, we consider the female market labor participation.

Result 4Suppose that all the conditions of Result 3 hold and that the following condition holds:

Lm− lm
L f − l f

>

(
ωm

ω f

wf

wm

)ϵ
. (19)

Then, an increase inwf has a positive effect on the relative market labor of female, (L f − l f )/(Lm−
lm).
(Proof) See Appendix C.

The condition (19) tends to hold when (i) male does much market labor relative to female, (ii)
the wage rate for female labor is low relative to that of male, and (iii) the productivity of female
in domestic childrearing is high relative to that of male. These conditions are fairy reasonable.
Therefore, under reasonable conditions, an increase inwf stimulates female market labor partici-
pation.
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Finally, Result 5 shows how fertility is affected bywf .

Result 5Suppose that the following inequality holds:

L f

Lm
<

(
ω f

ωm

wm

wf

)ϵ
. (20)

Then, ifθS(= 1− θh ∈ [0,1]) is sufficiently small, an increase inwf reducesn. If θS is sufficiently
large, an increase inwf increasesn.
(Proof) See Appendix D.

The condition (20) tends to hold when (i) the wage rate for female labor is low relative to that of
male and (ii) the productivity of female in domestic childrearing is high relative to that of male.
These conditions are fairy reasonable.

Result 5 implies that if market childrearing services are available and productive (θS is large),
an increase inwf raises fertility. The intuition is simple. As Result 2 show, an increase inwf raises
Sn. BecauseθS is large,n also increases. In contrast, if market childrearing services are not so
available and productive (θS is small), an increase inwf reduces fertility.

We now summarize the partial equilibrium results of the household behaviors.

Result 6 Suppose that Results 2-5 holds. Whenwf increases, (i) female market labor increases
relative to male market labor, (ii) the usage of market childrearing services increases, and (iii) at
the same time,

1. fertility decreases ifθS is small.

2. fertility increases ifθS is large.

Whether fertility increases or decreases with female market labor depends on availability and
productivity of market childrearing services.

2.2 Production

Production function of Sectori(= C or S) is

yi = Ai

[
µm,iL

σ−1
σ

m,i + µ f ,iL
σ−1
σ

f ,i

] σ
σ−1

, σ > 1, 0 < µm,i , µ f ,i < 1, and µm,i + µ f ,i = 1 (21)

wherei = C and i = S indicate goods production sector and service sector, respectively, andAi

is the total factor productivity (TFP) of sectori. We haveyC = C andyS = S(≡ SD + Sn). In
production of both goods and services, male and female labor substitute each other (σ > 1). We
assume that female labor has comparative advantage in services production:

µ f ,s > µ f ,C. (22)

Profit Maximization
The profits maximization of each sector yields

pi y
1
σ

i µk,i L
− 1
σ

k,i = wk, (23)

wherei = C or S andk = m or f . From (23), we derive

L f ,i

Lm,i
=

(
µ f ,itwm

µm,itwf

)σ
, (24)

Lk,i =
pi yi µ

σ
k,i w−σk

µσm,iw
1−σ
m + µσf ,iw

1−σ
f

. (25)
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We substitute (25) into (21) to derive

pi =
1
Ai

[
µσm,iw

1−σ
m + µσf ,iw

1−σ
f

] 1
1−σ
. (26)

Both the prices of goods and services depend on the wage rates,wm andwf .

Implication
As in the previous subsection, we explore the partial equilibrium implications of the production
side of the economy.

Result 7Suppose that female labor has comparative advantage in services production,µ f ,s > µ f ,C.

1. An increase inwf /wm has a positive effect on the relative price of services,pS/pC, if σ , 1.

2. The relative labor demand of services for box sexes,Lk,S/Lk,C (k = m or f ), is positively
affected by

(a) the relative services expenditure of households,pSSt/pCC, whereSt = SD + Sn,

(b) the relative wage of female labor,wf /wm, if male and female labor substitute each
other (σ > 1).

(Proof) See Appendix E.

The intuition of Result 7-1 is as follows. Service sector is more intensive in female labor than
goods sector (µ f ,s > µ f ,C). Thus, an increase inwf /wm positively affects the relative price of
services,pS/pC. The intuition of Result 7-2-(a) holds because an increase inpSSt/pCC stimulates
the production of service sector. Finally, an increase inwf /wm raisespS/pC, which also stimulates
production in services.

Summary of the Partial Equilibrium Results
Result 6 suggests that the labor wage rates affect female labor participation and fertility decision.
Result 7, together with Result 1, suggests that structural change among production sectors is rel-
evant to the labor wage rates. Thus, the results so for suggest that female labor participation and
fertility are closely associated with structural change. However, we obtain these results by an-
alyzing household sector and production sector separately and so far we ignore the factors that
determine the labor wage rates. To study interaction between structural change and the dynamics
of female labor and fertility, the following discussion considers a general equilibrium framework
and then observes that availability and productivity of market childrearing services have important
roles.

3 General Equilibrium

3.1 Labor Market

Labor market clears as

Lm = Lm,C + Lm,S + lm, (27)

L f = L f ,C + L f ,S + l f . (28)

Appendix F shows thatLk,C, Lk,S, and lk (k = m or f ) are all functions ofwf /wm. Thus, (28)
determines equilibrium value ofwf /wm, while one of (27) and (28) is redundant. Oncewf /wm is
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obtained, (E.1) determinespS/pC. Then,PD = 1 and (10), together withpS/pC, determine the
values ofpS and pC. If we use the values ofwf /wm, pS, and pC in (26), we obtainwf andwm.
Since all prices,wf , wm, pS, andpC are derived, we obtain a general equilibrium.

3.2 A Special Case:θS = 0

This subsection focuses on a case where no market childrearing services are available, which
means thatθS = 0. This special case allows for an analytical solution. Hence, we easily interpret
the results and the mechanism behind them. As a driving force of structural change, we consider
biased technical change such that the relative productivity of goods producing sector,AC/AS,
increases, following Ngai and Pissarides (2007). We obtain the following general equilibrium
result.

Proposition 1 Suppose that Lm = L f , ωm < ω f , σ > 1 > η > 0, andµ f ,S > µ f ,C and thatθS = 0.
Then, there exists at least one general equilibrium.

Suppose further that the equilibrium is unique. Then, when AC/AS increases,

1. the relative wage for female, wf /wm, increases;

2. the relative price of services, pS/pC, increases;

3. the relative expenditure on services, pSS/pCC, increases;

4. the relative labor demand in service sector, Lk,S/Lk,C, increases for both sexes (k= m or f );

Moreover, suppose that the wage rate for female is lower than that for male, wf /wm < 1, at
equilibrium. When AC/AS increases,

5. the domestic childrearing of female, lf , decreases;

6. the relative market labor of female,(L f − l f )/(Lm− lm), increases if(19)holds;

7. fertility, n, decreases if(20)holds.

(Proof) See Appendix G.

Proposition 1 does not show the uniqueness of equilibrium. However, we confirm numerically that
under a wide range of parameter values, equilibrium is unique.

The mechanism behind Proposition 1 is as follows. Remember that goods and services are poor
substitutes (η < 1) in the utility of households. Thus, if service sector becomes less productive,
production factors are reallocated away from more productive goods sector to less productive ser-
vice sector, which is represented by an increase inLk,S/Lk,C. Since female has comparative advan-
tage in service production (µ f ,S > µ f ,C), the shift in production factors toward services stimulates
the labor demand for female relatively to that for male, which rises the relative wage for female
wf /wm. Since service sector is more intensive in female labor than goods sector (µ f ,S > µ f ,C),
an increase inwf /wm has a positive effect on the relative price of servicespS/pC. Besides, a
relative decline in productivity of service sector also has an increasing effect on pS/pC. Thus,
service price increases relatively to goods price. Accordingly, households increase expenditure on
services relatively to that on goods because goods and services are poor substitutes (η < 1).

An increase in the relative wage for femalewf /wm also affects labor supply of households.
With a raise in the relative wage for female, the market labor of female increases and female
domestic childrearing decreases. Since no market childrearing services are available (θS = 0) and
the domestic childrearing is intensive in female labor (ωm < 1/2 < ω f ), fertility declines.
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Proposition 1 shows that with no market childrearing services available, an increase in fe-
male market labor and structural change into service economy are both associated with a fertility
decline. The next subsection sheds light on the market childrearing services.

3.3 General Equilibrium with Market Childrearing Services: θS > 0

The model with market childrearing services is rather complex. Thus, we rely on numerical anal-
ysis to solve the model.

We conduct two types of numerical experiments. The first experiment assumes a constantθS.
In the second experiment, we assume thatθS increases over time, which means that the availability
and the productivity of market childrearing services increase over time.

The first experiment uses the following parameter values:Lm = L f = 1, ξ = 0.5, η = 0.6,
ζC = 0.6, ϵ = 2,ω f = 0.8, γ = 2, θS = 0.1,σ = 5, µ f ,C = 0.3, andµ f ,S = 0.5. It is assumed that
AC increases linearly with time from 1 to 10, whileAS increases linearly with time from 1 to 3. In
the second experiment, we assume thatθS increases linearly with time from 0.1 to 0.19.
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Figure 5: Equilibrium with a ConstantθS

Figure 5 presents the results of the first experiment, while Figure 6 presents the results of the
second experiment. If the availability and the productivity of market childrearing services remains
unchanged (the first experiment), fertility declines as female market labor participation increases
and female domestic childrearing time decreases (see Panels (e), (f), and (h) in Figure 5).

In contrast, if more market childrearing services become available over time (the second exper-
iment), fertility follows the u-shaped dynamics. At the early stage of dynamics, fertility declines.
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However, it increase over time at the late stage of dynamics, in spite of declining domestic chil-
drearing (see Panels (f) and (h) in Figure 6). This fertility rise is accounted for mainly by the rise
in the usage of market childrearing services, as shown in Panel (g) of Figure6.

Notice that if more market childrearing services become available over time, female market
labor increases more and female domestic childrearing decrease more than they do if the availabil-
ity and the productivity of market childrearing services remains unchanged (see Panels (e) and (f)
in both Figures 5 and 6.
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Figure 6: Equilibrium with a VariableθS

4 Conclusion

We show that the dynamics of fertility and female labor participation are closely associated with
structural transformation toward service economy. These dynamics and interactions are signifi-
cantly affected by the availability and productivity of market childrearing services.

Appendix
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A Optimization

Utility Maximization of Households
We solve the utility maximization problem of households in two steps. The first step maximizes
(2) subject to (6). Then, we can derive (8), (9), and (10). The second step maximizes (1) subject
to (3), (4), and (7). The first-order conditions are given by

wk

PDD
= λh

1
ϵωkl

− 1
ϵ

k , k = m or f , (A.1)

pS

PDD
= ξθSn

1−γ
γ S

− 1
γ

n , (A.2)

λ = ξθhn
1−γ
γ h−

1
γ , (A.3)

whereλ is the costate variable associated with (4).
From (A.1), we obtain

lm =

(
ωm

ω f

wf

wm

)ϵ
l f . (A.4)

Substituting (A.4) into (4) yields

h = l f

ωm

(
ωm

ω f

wf

wm

)ϵ−1

+ ω f

 ϵ
ϵ−1

. (A.5)

We use (A.4) and (A.5) to obtain

wmlm+ wf l f =

[(
ωm

ω f

wf

wm

)ϵ
wm+ wf

]
l f

=

ωm

(
ωm

ω f

wf

wm

)ϵ−1

+ ω f

 wf

ω f
l f

=

 ωϵmwϵ−1
m

+
ωϵf

wϵ−1
f


1

1−ϵ

ht. (A.6)

Use (4), (A.1), and (A.3), we derive

wmlm+ wf l f

PDD
= λh

1
ϵ

[
ωml

ϵ−1
ϵ

m + ω f l
ϵ−1
ϵ

f

]
,

= λh

= ξθh

(
h
n

) γ−1
γ

. (A.7)

Adding both sides of (A.2) and (A.7) and using (3), we obtain

wmlm+ wf l f + psSn = ξPDD. (A.8)

From (7) and (A.8), we obtain (11) and

wmlm+ wf l f + pSSn =
ξ

1+ ξ
(wmLm+ wf L f ). (A.9)
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(A.2) implies

pSSn

PDD
= ξθS

(Sn

n

) γ−1
γ

. (A.10)

From (3), (11), (A.9), and (A.10), we obtain

pSSn =
ξ

1+ ξ
(wmLm+ wf L f )

θSS
γ−1
γ

n

θhh
γ−1
γ + θSS

γ−1
γ

n

, (A.11)

wmlm+ wf l f =
ξ

1+ ξ
(wmLm+ wf L f )

θhh
γ−1
γ

θhh
γ−1
γ + θSS

γ−1
γ

n

, (A.12)

pSSn

wmlm+ wf l f
=
θS
θh

(Sn

h

) γ−1
γ

. (A.13)

We use (A.6) and (A.13) to obtain (12). If we use (12) in (A.11), we obtain (13). Then, (14)
determinesh. Solving (A.4) and (G.1), we determinel f andlm.

We rewrite (3) as

n = Sn

[
θhH(pS,wmwf )

γ−1
γ + θS

] γ
γ−1

, γ > 1 and θh + θS = 1, (A.14)

We substitute (13) into the above equation and after some manipulation we obtain (17).

B Proof of Result 3

We rearrange (16) as

wmlm+ wf l f

wmLm+ wf L f
=
ξ

1+ ξ

θh
θS

H(pS,wm,wf )
γ−1
γ

1+ θh
θS

H(pS,wm,wf )
γ−1
γ

. (B.1)

Let us denote the right-hand side of this equation asRHS(pS,wmwf ). Then, we have

wmLmL f

(
l f

L f
− lm

Lm

)
(wmLm+ wf L f )2

+

wm
∂lm
∂wf
+ wf

∂l f

∂wf

wmLm+ wf L f
=
∂RHS(pS,wm,wf )

∂wf
. (B.2)

Sinceγ > 1 andH(pS,wm,wf ) decreases withwf , RHS(pS,wmwf ) also decrease withwf . In
addition, (15) implies

∂lm
∂wf
= ϵ

(
ωm

ω f

wf

wm

)ϵ l f

wf
+

(
ωm

ω f

wf

wm

)ϵ ∂l f

∂wf
. (B.3)

From l f /L f > lm/Lm, (B.2), and (B.3), we know that∂l f /∂wf < 0
We next examine the effect of pS. From (B.1), we have

wm
∂lm
∂pS
+ wf

∂l f

∂pS

wmLm+ wf L f
=
∂RHS(pS,wm,wf )

∂pS
. (B.4)
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In addition, (15) implies

∂lm
∂pS
=

(
ωm

ω f

wf

wm

)ϵ ∂l f

∂pS
. (B.5)

SinceRHS(pS,wm,wf ) is an increasing function ofpS, we have∂l f /∂pS > 0.
Finally, we examine the effect ofwm. We obtain from (B.2):

wf LmL f

(
lm
Lm
−

l f

L f

)
(wmLm+ wf L f )2

+

wm
∂lm
∂wm

+ wf
∂l f

∂wm

wmLm+ wf L f
=
∂RHS(pS,wm,wf )

∂wm
. (B.6)

where the first term on the left-hand side and the right-hand side have negative signs. In addition,
(15) implies

∂lm
∂wm

= −ϵ
(
ωm

ω f

wf

wm

)ϵ l f

wm
+

(
ωm

ω f

wf

wm

)ϵ ∂l f

∂wm
. (B.7)

Then, if we solve (B.6) and (B.7), we obtain the expression for∂l f /∂wm, which has an ambiguous
sign.�

C Proof of Result 4

We take a logarithm of (L f − l f )/(Lm− lm) and then differentiate it with respect towf :

∂

∂wf
ln

L f − l f

Lm− lm
= −

∂l f

∂wf

L f − l f
+

∂lm
∂wf

Lm− lm

> −

∂l f

∂wf

L f − l f
+

(
ωm

ω f

wf

wm

)ϵ ∂l f

∂wf

Lm− lm

=
1

Lm− lm

∂l f

∂wf

{(
ωm

ω f

wf

wm

)ϵ
− Lm− lm

L f − l f

}
> 0.

The inequality in the second line holds because of (B.3). The last inequality holds because Result
3 ensures that∂l f /∂wf < 0 and (19) is assumed.�

D Proof of Result 5

From (17) and (12), we obtain

∂ ln n
∂wf

=
L f

wmLm+ wf L f
−

(
ω f

wf

)ϵ
θhH(pS,wmwf )

γ−1
γ

(
θS + θhH(pS,wmwf )

γ−1
γ

)  ωϵmwϵ−1
m

+
ωϵf

wϵ−1
f

 .
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If other things equal,θhH(pS,wmwf )
γ−1
γ increases withθh. Because ofθS = 1− θh, the second term

in the right-hand side of the above equation monotonically increases withθh. Beside, the second
term satisfies

lim
θh→0

Second term= 0, and lim
θh→1

Second term=

(
ω f

wf

)ϵ
ωϵm
wϵ−1

m

+
ωϵf

wϵ−1
f

.

Note that the following relation holds:

sign


L f

wmLm+ wf L f
−

(
ω f

wf

)ϵ
ωϵm
wϵ−1

m

+
ωϵf

wϵ−1
f


= sign

{
L f

Lm
−

(
ω f

ωm

wm

wf

)ϵ}
.

These facts imply Result 5.�

E Proof of Result 7

From (26), we have

pS

pC
=

AC

AS


(
µ f ,S

µ f ,C

)σ
− µσm,C

(
µ f ,S

µ f ,C

)σ
−

(
µm,S

µm,C

)σ
µσm,C + µ

σ
f ,C

(
wf

wm

)1−σ


1

1−σ

. (E.1)

The inequalityµ f ,s > µ f ,C ensures that
(
µ f ,S

µ f ,C

)σ
−

(
µm,S

µm,C

)σ
> 0. Then, as long asσ , 1, pS/pC

increases withwf /wm.
From (25),yC = C, andyS = S(≡ SD + Sn), we have

Lk,S

Lk,C
=

(
µk,S

µk,C

)σ
· pSS

pCC
·
µσm,C

(
wf

wm

)σ−1

+ µσf ,C

µσm,S

(
wf

wm

)σ−1

+ µσf ,S

. (E.2)

Clearly, pSS/pCC has a positive effect onLk,S/Lk,C. The inequalityµ f ,s > µ f ,C ensures that the

right-hand side increases with
(
wf /wm

)σ−1
that increases withwf /wm if σ > 1. �.

F Labor Demand and Supply

We rewrite (25) as

Lk,i =
pi yi

wk

µσk,i

(
wk

wm

)−σ
µσm,i + µ

σ
f ,i

(
wf

wm

)−σ , (F.1)
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for k = m or f andi = C or S. We first consideri = C. If we useyC = C, (8), (11), we have

pC yC

wk
=

1
1+ ξ

(
wm

wk
Lm+

wf

wk
L f

)
ζ
η
C

ζ
η
C + ζ

η
S

(
pS

pC

)1−η . (F.2)

Since pS/pC is a function ofwf /wm (see (E.1)),Lk,C (k = m or f ) also becomes a function of
wf /wm.

We next consideri = S. SinceyS = SD + Sn, we have

pS yS

wk
=

pSSD

wk
+

pSSn

wk
. (F.3)

Similarly to (F.2),pSSD/wk is a function ofwf /wm as follows:

pS SD

wk
=

1
1+ ξ

wmLm+ wf L f

wk

ζ
η
S

(
pS

pC

)1−η

ζ
η
C + ζ

η
S

(
pS

pC

)1−η . (F.4)

(13) implies

pSSn

wk
=
ξ

1+ ξ

(
wm

wk
Lm+

wf

wk
L f

)
1

1+
θh
θS

H(pS,wmwf )
γ−1
γ

. (F.5)

We rewriteH(pS,wmwf ) as

H(pS,wmwf ) =

(
θh
θS

pS

wf

)γ ωϵm (
wf

wm

)ϵ−1

+ ωϵf


γ
ϵ−1

=

 θhθS 1
AS

µσm,S (
wm

wf

)ϵ−1

+ µσf ,S

 1
1−σ


γ ωϵm (

wf

wm

)ϵ−1

+ ωϵf


γ
ϵ−1

,

≡ H∗
(
wf

wm

)
. (F.6)

In the second equality, we use (26). Thus, from (F.1) and (F.3)–(F.6),Lk,S is also a function of
wf /wm.

(15) and (16) show that bothlm and l f are functions ofwf /wm. Thus, either (27) or (28)
determineswf /wm. One of (27) and (28) is redundant.

In the numerical simulation, we use the following expression forl f . From (A.5), we have

l f = h

ωm

(
ωm

ω f

wf

wm

)ϵ−1

+ ω f

− ϵ
ϵ−1

,

whereh is given by

h = H∗
(
wf

wm

)
Sn,

= H∗
(
wf

wm

)
ξ

1+ ξ

wf

pS

(
wm

wf
Lm+ L f

)
1

1+
θh
θS

H(pS,wmwf )
γ−1
γ

.

The first equality uses (14) while the second line uses (F.5).
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G A Special Case:θS = 0

To consider the market equilibrium, we rewrite (28) asL f − l f = L f ,C + L f ,S. Both the left- and
right-hand sides are equations ofwf /wm. We denote the left- and right-hand sides asΦ(x) and
Ψ(x), respectively, wherex = wf /wm.

To characterizeΦ(·), we derive the closed form solution forl f . SinceθS = 0, we haveSn = 0.
Then, (16) can be rewritten as

wmlm+ wf l f =
ξ

1+ ξ
(wmLm+ wf L f ). (G.1)

We substitute (A.4) into the above equation and then solve forl f :

l f =
ξ

1+ ξ

Lm+
wf

wf
L f(

ωm

ω f

wf

wm

)ϵ
+

wf

wm

=
ξ

1+ ξ

L f +

Lm−
(
ωm

ω f

wf

wm

)ϵ
L f(

ωm

ω f

wf

wm

)ϵ
+

wf

wm

 . (G.2)

We assume thatLm = L f andωm < ω f . Aswm/wf → 0, we have thatl f → +∞. Aswm/wf → +∞,
we have that (i)l f → 0(< L f ) if ϵ > 1, (ii) l f → ξL f /(1 + ξ)(< L f ) if ϵ < 1, and (iii) l f →
ξL f /{(1+ξ)[1+(ωm/ω f )ϵ}](< L f ) if ϵ = 1. If wf /wm = ω f /ωm, we have thatl f = ξL f /(1+ξ)(< L f ).
Φ(·) has the following properties.Φ(·) satisfies that limwf /wm→0Φ(·) = −∞, limwf /wm→ω f /ωmΦ(·) =

L f /(1+ ξ), and limwf /wm→+∞Φ(·) > 0.
We next considerΨ(·). Because ofyS = SD, we have

Ψ

(
wf

wm

)
=

1
1+ ξ

L f +
Lm
wf

wm

 1

µσf ,C + µ
σ
m,C

(
wf

wm

)σ−1

ζ
η
Cµ
σ
f ,C + ζ

η
Sµ
σ
f ,S

(
AC

AS

)1−η

Γ

(
wf

wm

)
ζ
η
C + ζ

η
S

[
AC

AS
Γ

(
wf

wm

)]1−η ,

where

Γ

(
wf

wm

)
=


µσm,S + µ

σ
f ,S

(
wf

wm

)1−σ

µσm,C + µ
σ
f ,C

(
wf

wm

)1−σ


1

1−σ

and σ > 1 > η > 0.

Because ofµ f ,S > µ f ,C, Γ(·) is an increasing function and satisfies limwf /wm→0 = (µ f ,C/µ f ,S)
σ
σ−1

and limwf /wm→+∞ = (µm,C/µm,S)
σ
σ−1 . Then, we have thatΨ(·) > 0, limwf /wm→0Ψ(·) = +∞, and

limwf /wm→+∞Ψ(·) = 0.
The discussion so far indicates that limwf /wm→0Φ(·) = −∞ < +∞ = limwf /wm→0Ψ(·) and

limwf /wm→+∞Φ(·) > 0 = limwf /wm→+∞Ψ(·). Thus,Φ(·) andΨ(·) has at least one intersection. There-
fore, at least one equilibrium exists. The following discussion assumes the uniqueness of the
equilibrium, which is shown to be true for a wide range of parameters by our numerical analysis.

As a driving force of structural change, we consider an increase inAC/AS. We differentiate
Ψ(·) with respect toAC/AS:

sign
∂Ψ

∂(AC/AS)
= sign

{(
µ f ,S

µ f ,C

)σ
Γ(·)σ−1 − 1

}
. (G.3)
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SinceΓ(·) is an increasing function that satisfies limwf /wm→0 = (µ f ,C/µ f ,S)
σ
σ−1 , we have(

µ f ,S

µ f ,C

)σ
Γ(·)σ−1 − 1 >

(
µ f ,S

µ f ,C

)σ (
µ f ,C

µ f ,S

)σ
− 1 = 0 (G.4)

for wf /wm > 0. An increase inAC/AS shiftsΨ(·) upward, moving the intersection betweenΦ(·)
andΨ(·) rightward. Then,wf /wm increases (see Figure G.1).

Φ

Ψ

0

Figure G.1: Equilibrium and the Effect of Biased Technical Change

SincepS/pC increases with bothwf /wm andAC/AC (see (E.1)),pS/pC also increases. Result
1 indicates thatpSS/(pCC) increases (see (18)). Result 7-2 indicates thatLk,S/Lk,C increases (see
(E.2)).

Because ofLm = L f , (G.2) shows that ifwf /wm < 1(< ω f /ωm), l f decreases withwf /wm. If
(19) holds, Result 4 shows that (L f − l f )/(Lm− lm) increases. Please see Appendix C and note that
proof of Result 4 holds even when we differentiate ln(L f − l f )/(Lm− lm) with respect towf /wm.

We finally examine the effect on fertility. WhenθS = 0, we haven = h. We substitute (G.2)
into (A.5) and after some manipulation we obtain

n =
ξ

1+ ξ

(
Lm

wf /wm
+ L f

) ωϵm
(
wf

wm

)ϵ−1

+ ωϵf


1
ϵ−1

. (G.5)

We take a logarithm ofn and differentiate it with respect towf /wm:

sign
∂ ln n
∂wf /wm

= sign

{
L f

Lm
−

(
ω f

ωm

wm

wf

)ϵ}
. (G.6)

Then, if (20) holds, fertility decreases.
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