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Abstract

The rise of service economy maffect female labor participation as well as fertility. We con-
struct a model where market services can be used for childrearing. We show that an increase
in availability of market childrearing services increases fertility as well as female labor partic-

ipation. The rise of service economy may explaifietences in fertility rate among developed
countries.
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1 Introduction

In developed countries, female labor participation rates have been increasing since the 1970s (see
Figure 1). For example, female labor participation rate increased from 49% to 68% between 1970
and 2010 in the United States. During the same period, developed countries experienced decline
in fertility rates, as show in Figure 2. Total fertility rate in the United States decreased from 2.48

to 1.93.
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Figure 1: Female Labor Participation Rate
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Figure 2: Total Fertility Rate

These trends in female labor participation and fertility are observed commonly in developed
countries. However, Figure 2 shows thaffelient counties follow dierent fertility dynamics. It
seems that we can divide developed countries into at least two groups according to their fertility
dynamics. The first group includes countries like France and the United States. In these countries,
fertility decline seems to have stopped around 1990. After that, fertility has remained fairly con-
stant or has even increased. In 2010, total fertility rates of countries in this group are nearly 2. The
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second group includes countries like Germany and Japan, where total fertility rates are as low as
1.4in 2010.

The present study argues thaftdiences in fertility dynamics or total fertility rate among de-
veloped countries might be associated with the growth of service economy. Figure 3 plots total
fertility rate against share of services. This figure shows a clear positive relationship between
share of services and fertility; fertility rate is high in countries with high shares of services. Even
if we use market service shares, the similar positive relationship is obtained in Figure 4. This
relationship may be interpreted as follow. As the rise of service economy, the market childbear-
ing services would have become more available, which could have been reducing the burden of
childrearing of female. Hence, fertility have remained fairly high at the same time as female labor
participation has risen.

2.20 y=3.9788x-0.915
R?=0.8186

Total Fertility Rate

Share of Services (value added)

source: World KLEMS and OECD Factbook 2015-2016

Figure 3: Services Share (value-added) vs. Total Fertility Rate (2009)
Austria, Belgium, Spain, France, Germany, Italy, Japan, Netherlands, United Kingdom, United
States

To confirm this intuition, we develop a theoretical model in which there are two production
sectors, services and goods. Childrearing requires female’s and male’s time. Besides, market ser-
vices can be used for childrearing. We show that an increase in availability of market childrearing
services increases fertility as well as female labor participation.

The present study is related to Ngai and Petrongolo (2014) who show that the rise of service
economy may account for some part of increases in female labor participation in the United States.
In contrast to Ngai and Petrongolo (2014), we consider ffexts of service economy on fertility.

Organization of the Paper

Section 2 presents our model . We also present the partial equilibrium results because they are
useful to understand the mechanism of the model. Section 3 considers the general equilibrium and
shows that the availability of market childrearing servicedas the dynamics of female market
labor and fertility. Our concluding remarks are presented in Section 4.
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Figure 4: Market Services Share (value-added) vs. Total Fertility Rate (2009)
Austria, Belgium, Spain, Finland, France, Germany, Italy, Japan, Netherlands, Sweden, United
Kingdom, United States

2 The Model and Partial Equilibrium

2.1 Households

The economy is populated by one unit of representative household. The utility function of the
representative household is

U=InD+¢Inn, 0<é<1, Q)
whereD is a composite of goods and services consumption:

n-1

. 17
D:[gcchrgDsD"] , O<n<l O<lcls<l, and Ze+ip=1 )

C denotes consumption of goods whilg denotes consumption of services. We assume that
goods and services are poor substitute in (1 < 1. The number of children that the repre-
sentative household has is denotecdh asid satisfies

v
v-1

- y=1
n= [thvl 4+ 6sSy y>1 0<6c 6s<1, and 6n+6s =1, ©)
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where S, is the purchase of market services for childrearing Bnd the home production of
childrearing services. We assume tiigte (0,1), except for Subsection 3.2 that considers a
special case whe® = 0. We interpret market childrearing services broadly so that they include
any services that reduce the burden of childrearing of households. The assumptibmeans
that childrearing at home can be substituted by market childrearing services. AJangans that
(i) there are sfiicient market childrearing services available to households and (ii) these services
are highly productive in childrearing.

Childrearing at home is done by using male and female lah@mndl:

€
elle1

e1 1
h=|wnly +wil , €>0, wn+ws=1, and§<wf§1. (4)



The assumption, /P < ws < 1, means that the domestic childrearing is intensive in female labor.
The budget constraint of the household is give by

PcC + Ps(Sp + Sn) = WinlLm — Im) + wi(Ls —11), ()

where pc (ps) is the price of consumption goods (services), (w;) is the wage rate for male
(female), and_,, (L¢) is the time endowment of male (female). We denote the total expenditure
on consumption of goods and market serviceEgs

PcC + psSp = Ep(= PpD), (6)
wherePy, is the price index foD (see (10)). We rewrite (5) as
PpD + psSp = Wim(Lm = Im) + Wm(Lt = I+). (7)

Optimization
We solve the utility maximization problem of households in two steps. The first step maximizes
(2) subject to (6), which yields

_ PoDgip ®)
T e e 1
gc P+ és Ps
_ PoDZepy’
D= "0 10 110’ ©)
§C P+ és Ps
Po = [¢lpe” +dps | (10)

The following discussion normalizes the pricel®»to one,Pp = 1.
The second step maximizes (1) subject to (3), (4), and (7). Appendix A shows that the second
step yields

1
PpD = m(WmLm + Wily), (11)
h Qh Y (JL)E w? é _
s~ (g ps) [Hﬂ + E} = H(ps, Wm, Wr), (12)
Wmlm + Ws L
Sn = (1 +§§)p Hhm — o Sn(Ps, Wi W), (13)
S1+ éH(pS’WmWf)T

h = H(ps, Wim, Wt)Sn(Ps, Wm, Ws). (14)

The price of servicesps, and the wage ratesy,, andws, affect the demand for domestic and
market childrearing services. If we solve the following two equatibnandl,,, are determined:

wm Wi

I = (——)En. (15)

% H(ps, WWy) 7
Winlm + Wil = %S(Wml-m"'wfl—f) %

(16)

y-17?

1+ 2H(ps, WinWy) 7

Thus, ps, Wy, andws also dfect the time allocated to domestic childrearingandl ;. The number
of children that the household has is also a functiopgHfw,,, andws:

Y
"= @+ Hps

1
1]y-1

(Wml-m + Wi Lf) 95 + OhH(pS, WmWf)y% . (17)



Implications
Before we proceed to the production side of the economy, we present partial equilibrium implica-
tions of the households’ behavior. We first focus on the demand for services relative to goods.

Result 1 Suppose that goods and services are poor substitute in €1, © 1. Then, an increase

in relative price of servicegs/pc, increases the expenditure on service consumption relative to
that on goods consumption.

(Proof) From (8) and (9), we obtain

PsSo _ (¢s\'(Ps o
- 49

The assumption & < 1 ensures Resultd.

Result 1 is fairy standard and shows that a change in relative price triggers a demand shift from
goods to services.
We next turn to households’ behavior concerning fertility decisions.

Result 2 (i) Increases in the wage rates;, andws, and decreases in service prigg, have a
negative &ect on the relative demand for domestic childrearing servitgs,. (i) Suppose that
the elasticity of substitution betwednandS,, in n is suficiently high ¢ > 1). Increases in,
andw; and decreases ips have positive ffects on demand for market childrearing servi&s,
and expenditure on market childrearing serviggs,.

(Proof) Differentiating (12) and (13) yields Result 2.

Intuition behind Result 2 is as follows. An increase in the wage ratgsndw;, makes domestic
childrearing expensive. Since the elasticity of substitution betvnesamd S, is high, households
increase their dependence of childrearing on market services.

The next result shows that how domestic childrearing time of female responds to prices.

Result 3 Suppose that the elasticity of substitution betwéeand S, in n is suficiently high
(y > 1) and female does more childrearing than médéL; > I/Ly). Then, an increase wv;
reduced; while an increase ips increases:. An increase iwy, has an ambiguoudtect onl;.
(Proof) See Appendix B.

Result 3 is intuitive. An increase in; raises the costs of domestic childrearing of female. Thus,
female childrearing time reduces. When the price of market services increases, the use of market
childrearing services decreases, and then female childrearing time increases.

Before examining theféects on fertilityn, we consider the female market labor participation.

Result 4 Suppose that all the conditions of Result 3 hold and that the following condition holds:

Lm—Im (mef )E
> | — .

— 19
Lf—lf wi W ( )

Then, an increase iv; has a positiveféect on the relative market labor of females & 1¢)/(Lm—

[m)-
(Proof) See Appendix C.

The condition (19) tends to hold when (i) male does much market labor relative to female, (i)
the wage rate for female labor is low relative to that of male, and (iii) the productivity of female
in domestic childrearing is high relative to that of male. These conditions are fairy reasonable.
Therefore, under reasonable conditions, an increasg stimulates female market labor partici-
pation.



Finally, Result 5 shows how fertility isfBected byw;.
Result 5Suppose that the following inequality holds:

Lf Wi W €
—_ =2 20
Lm (wm Wi ) ( )
Then, if6s(= 1 - 6, € [0, 1]) is suficiently small, an increase in; reduces. If 05 is suficiently
large, an increase mv; increases.

(Proof) See Appendix D.

The condition (20) tends to hold when (i) the wage rate for female labor is low relative to that of
male and (ii) the productivity of female in domestic childrearing is high relative to that of male.
These conditions are fairy reasonable.

Result 5 implies that if market childrearing services are available and produggiielérge),
an increase iw; raises fertility. The intuition is simple. As Result 2 show, an increasg iraises
S,. Becaus#s is large,n also increases. In contrast, if market childrearing services are not so
available and productive$ is small), an increase ;s reduces fertility.

We now summarize the partial equilibrium results of the household behaviors.

Result 6 Suppose that Results 2-5 holds. Whenincreases, (i) female market labor increases
relative to male market labor, (ii) the usage of market childrearing services increases, and (iii) at
the same time,

1. fertility decreases ifs is small.

2. fertility increases i#s is large.

Whether fertility increases or decreases with female market labor depends on availability and
productivity of market childrearing services.

2.2 Production

Production function of Secta(= C or S) is

(o
o-1 oc-11o=1

Vi = A |pmilyy + gl , 0>1 O<pmj, puri <1, and pmi+ui=1  (21)

wherei = C andi = S indicate goods production sector and service sector, respectively and
is the total factor productivity (TFP) of sectar We haveyc = C andys = S(= Sp + Sy). In
production of both goods and services, male and female labor substitute eaclrothé).(\We
assume that female labor has comparative advantage in services production:

Hts > Hic. (22)

Profit Maximization
The profits maximization of each sector yields

1 _1
PYY i Ly = Wi, (23)
wherei = C or S andk = mor f. From (23), we derive
L+, itWm )\~
i (““t "‘) : (24)
Lni \MmitWs
.\ (0 W—(T
L = Pi Yi 1y W (25)

- o 1—o o \wl-o°
HimiWin ™ + Hg Wy



We substitute (25) into (21) to derive

1 -0 o -0 %a
pi = K[/l{r;,.Wlm + pf Wi ]l - (26)

Both the prices of goods and services depend on the wagewgiesdws.

Implication
As in the previous subsection, we explore the partial equilibrium implications of the production
side of the economy.

Result 7 Suppose that female labor has comparative advantage in services proguction; c.
1. Anincrease irws /Wy, has a positive féect on the relative price of servicgss/pc, if o # 1.

2. The relative labor demand of services for box sexgs,/Lkc (K = mor f), is positively
affected by

(a) the relative services expenditure of househopds;/ pcC, whereS; = Sp + S,

(b) the relative wage of female labon;/wy, if male and female labor substitute each
other ¢~ > 1).

(Proof) See Appendix E.

The intuition of Result 7-1 is as follows. Service sector is more intensive in female labor than
goods sectoruss > usc). Thus, an increase iw;/wp, positively dfects the relative price of
servicesps/pc. The intuition of Result 7-2-(a) holds because an increape 8/ pcC stimulates

the production of service sector. Finally, an increasesifwy, raisesps/pc, which also stimulates
production in services.

Summary of the Partial Equilibrium Results

Result 6 suggests that the labor wage raffecafemale labor participation and fertility decision.
Result 7, together with Result 1, suggests that structural change among production sectors is rel-
evant to the labor wage rates. Thus, the results so for suggest that female labor participation and
fertility are closely associated with structural change. However, we obtain these results by an-
alyzing household sector and production sector separately and so far we ignore the factors that
determine the labor wage rates. To study interaction between structural change and the dynamics
of female labor and fertility, the following discussion considers a general equilibrium framework
and then observes that availability and productivity of market childrearing services have important
roles.

3 General Equilibrium

3.1 Labor Market

Labor market clears as

Lm = me + I—m,S + |m, (27)
Lf = Lf’C + Lf,s + |f. (28)

Appendix F shows thatyc, Lxs, andly (k = mor f) are all functions ofw; /wy,. Thus, (28)
determines equilibrium value o¥; /w,,, while one of (27) and (28) is redundant. Oeg/wp, is
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obtained, (E.1) determings/pc. Then,Pp = 1 and (10), together witlps/ pc, determine the
values ofps and pc. If we use the values ofi; /wy,, ps, andpc in (26), we obtainvs andwy,.
Since all pricesws, Wn, ps, andpc are derived, we obtain a general equilibrium.

3.2 A Special Casefls =0

This subsection focuses on a case where no market childrearing services are available, which
means thafls = 0. This special case allows for an analytical solution. Hence, we easily interpret
the results and the mechanism behind them. As a driving force of structural change, we consider
biased technical change such that the relative productivity of goods producing sectas,
increases, following Ngai and Pissarides (2007). We obtain the following general equilibrium
result.

Proposition 1 Suppose that/h = Lt, wn < ws, 0 > 1>n >0, anduss > usc and thatds = 0.
Then, there exists at least one general equilibrium.
Suppose further that the equilibrium is unique. Then, wheffAincreases,

1. the relative wage for female,w,, increases;

2. the relative price of servicesgppc, increases;

3. the relative expenditure on services3JpcC, increases;

4. the relative labor demand in service sectarslLyc, increases for both sexes£km or f);

Moreover, suppose that the wage rate for female is lower than that for majey,w< 1, at
equilibrium. When A/As increases,

5. the domestic childrearing of female, ecreases;
6. the relative market labor of femal@, s — |¢)/(Ln — Im), increases i{19) holds;
7. fertility, n, decreases i20) holds.

(Proof) See Appendix G.

Proposition 1 does not show the uniqueness of equilibrium. However, we confirm numerically that
under a wide range of parameter values, equilibrium is unique.

The mechanism behind Proposition 1 is as follows. Remember that goods and services are poor
substitutess{ < 1) in the utility of households. Thus, if service sector becomes less productive,
production factors are reallocated away from more productive goods sector to less productive ser-
vice sector, which is represented by an increadg §7Lyc. Since female has comparative advan-
tage in service productiomfs > u¢c), the shift in production factors toward services stimulates
the labor demand for female relatively to that for male, which rises the relative wage for female
Wi /Wm. Since service sector is more intensive in female labor than goods sggtor(u+c),
an increase iws /Wy, has a positive féect on the relative price of services/pc. Besides, a
relative decline in productivity of service sector also has an increastegtenps/pc. Thus,
service price increases relatively to goods price. Accordingly, households increase expenditure on
services relatively to that on goods because goods and services are poor subgtiules (

An increase in the relative wage for female/w, also dfects labor supply of households.

With a raise in the relative wage for female, the market labor of female increases and female
domestic childrearing decreases. Since no market childrearing services are availab® and
the domestic childrearing is intensive in female lahoy & 1/2 < wy), fertility declines.
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Proposition 1 shows that with no market childrearing services available, an increase in fe-
male market labor and structural change into service economy are both associated with a fertility
decline. The next subsection sheds light on the market childrearing services.

3.3 General Equilibrium with Market Childrearing Services: 6s > 0

The model with market childrearing services is rather complex. Thus, we rely on numerical anal-
ysis to solve the model.

We conduct two types of numerical experiments. The first experiment assumes a cénstant
In the second experiment, we assume #ahcreases over time, which means that the availability
and the productivity of market childrearing services increase over time.

The first experiment uses the following parameter vallgs= L; = 1,¢ = 0.5, = 0.6,
{c =06,e=2,wi=08,y=2,05=01,0 =5,usc = 0.3, andu;s = 0.5. It is assumed that
Ac increases linearly with time from 1 to 10, whikg increases linearly with time from 1 to 3. In
the second experiment, we assume thidhcreases linearly with time from 0.1 to 0.19.

(a) Relative Waga: wf/wm (b) Relative Price: pS/pC
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Figure 5: Equilibrium with a Constaiit

Figure 5 presents the results of the first experiment, while Figure 6 presents the results of the
second experiment. If the availability and the productivity of market childrearing services remains
unchanged (the first experiment), fertility declines as female market labor participation increases
and female domestic childrearing time decreases (see Panels (e), (f), and (h) in Figure 5).

In contrast, if more market childrearing services become available over time (the second exper-
iment), fertility follows the u-shaped dynamics. At the early stage of dynamics, fertility declines.
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However, it increase over time at the late stage of dynamics, in spite of declining domestic chil-
drearing (see Panels (f) and (h) in Figure 6). This fertility rise is accounted for mainly by the rise
in the usage of market childrearing services, as shown in Panel (g) of Figure6.

Notice that if more market childrearing services become available over time, female market
labor increases more and female domestic childrearing decrease more than they do if the availabil-
ity and the productivity of market childrearing services remains unchanged (see Panels (e) and (f)
in both Figures 5 and 6.

(a) Relative Waga: wf/wm (b) Relative Price: pS/pC
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Figure 6: Equilibrium with a Variablés

4 Conclusion

We show that the dynamics of fertility and female labor participation are closely associated with
structural transformation toward service economy. These dynamics and interactions are signifi-
cantly dfected by the availability and productivity of market childrearing services.

Appendix
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A Optimization

Utility Maximization of Households

We solve the utility maximization problem of households in two steps. The first step maximizes
(2) subject to (6). Then, we can derive (8), (9), and (10). The second step maximizes (1) subject
to (3), (4), and (7). The first-order conditions are given by

;%:a&w@? k=morf, (A1)
D
Ps oy
= Y v A.2
PDD fGSn Sn ’ ( )
A =67 h, (A.3)

whereA is the costate variable associated with (4).
From (A.1), we obtain

wWm Wi ¢
ln=——] I+. A4
m (wf Wm) f ( )

Substituting (A.4) into (4) yields

W Wi e-1 1
h= If la)m (_m_) + wis (A5)
Wi Wn
We use (A.4) and (A.5) to obtain
i We\e
Wmlm + Wflf = (%—f) W, + Wf:| |f
[\ Wt Wn
e-1
wWm Wi f
= —— —I
wm(wf Wm) + Wi Y f
. o &
_|eh _fl] . (A.6)
Use (4), (A.1), and (A.3), we derive
Winlm + Wl 1 el el
S = an |t +wrl7
= 1h
5
=&oh|—-] . A7
e ) (A7)
Adding both sides of (A.2) and (A.7) and using (3), we obtain
Winlm + Wil + psSp = éPpD. (A.8)
From (7) and (A.8), we obtain (11) and
Winlm + Wil + psS;, = i(WmLm + WsLg). (A.9)

1+¢
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(A.2) implies

y-1

= £65 (‘%) . (A.10)

Ps Sn
PpD

From (3), (11), (A.9), and (A.10), we obtain

y-1
0sS,7
PsSh = i(wml_m+wf|_f) o (A.11)
1+¢ r-1 r=
y-1
o.h'
Wil + Wil = ﬁ(memwaf) T (A.12)
y-1
PsSh Os (Sn)y
__Ys(=n A.13
Wmlm + Wflf 6h h ( )

We use (A.6) and (A.13) to obtain (12). If we use (12) in (A.11), we obtain (13). Then, (14)
determines. Solving (A.4) and (G.1), we determimgandl,.
We rewrite (3) as

v
-1

n=-S, ehH(ps,mef)%l + Og ! , y>1andé,+6s =1, (A.14)

We substitute (13) into the above equation and after some manipulation we obtain (17).

B Proof of Result 3

We rearrange (16) as

y-1
Wil +Wele ¢ Z—QH(DS,Wm,Wf)7 (B.1)
WmLm+Wf|_f 1+§1+Z—2H(ps,wm,wf)77_l‘ ]
Let us denote the right-hand side of this equatioRBsS(ps, wyws). Then, we have
PR Ol ol
Wmlkmli— - —] Wp— +W;—
e f(Lf Lm) Tow: " ows  ORHS(ps, Win, Wr) ©2)
+ = . .
(WmLm + Wi Lf)2 Wml_m + Ws Lf an

Sincey > 1 andH(ps, W, W;) decreases withvs, RHS(ps, wnw;) also decrease wittv;. In
addition, (15) implies

O _ (omWe) Tt fomWe)® Ole (B.3)
OWs wi Wn/ Ws wi W/ OWs
Fromls/L¢ > /L, (B.2), and (B.3), we know thdl ; /ows < O
We next examine thefiect of ps. From (B.1), we have
M e
"ops  dps  ORHS(Ps, W, Wr) 6.4
WmI—m + Wfl—f - apS . .
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In addition, (15) implies
I ws \© Il
Olm = (@_f) . (B.5)
ops  \wsWm/ dps
SinceRHS(ps, Wm, W¢) is an increasing function gis, we havedl¢/dps > 0.
Finally, we examine thefBect ofw,,. We obtain from (B.2):

Im If ) ol 8If
willi| — - — _m _
e f(I—m Ly Wmawm +Wf8Wm _ 6RHS(pS,Wm,Wf)

(B.6)

where the first term on the left-hand side and the right-hand side have negative signs. In addition,
(15) implies

I wi \© | ws \© ol
Om _ _ (@mWe) It (@mWi) Ot (B.7)

Then, if we solve (B.6) and (B.7), we obtain the expressiodfpfow,, which has an ambiguous
sign.o

C Proof of Result 4

We take a logarithm ofl(; — I¢)/(L, — |m) and then dferentiate it with respect to:

ol Ol
d Li—1¢ wg Awg
In = - +
OWs I—m_lm Lf—|f Lm—lm
8|f Wm Wi € (9|f
awy (w_fw_m) aws
S P T
3 1 d¢ ({wnWi) Lp—In
- Lm_lma_Wf{(w_fW_m) B Lf_lf}

> 0.

The inequality in the second line holds because of (B.3). The last inequality holds because Result
3 ensures thall; /ow; < 0 and (19) is assumed.

D Proof of Result5

From (17) and (12), we obtain
wy \° v
— | OhH(Ps, WimW;) ¥
oinn L (Wf) hH (Ps, WmWs)
OWs B Wilm + Wi L¢ (

r1\[ wp wf )
6s + O,H(ps, WiWs) ) m 4
s + OhH(Ps, WmWs) 7 (WﬁTl M_l
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If other things equal,H(ps, wmwf)%1 increases witld,,. Because ofs = 1 - 6y, the second term
in the right-hand side of the above equation monotonically increasegyviteside, the second

term satisfies
€
Wt
. , (Wf)
lim Secondterm= 0, and IlimSecondtermx ——
9h—0 oh—1 wh Wy

+ —_—
-1 -1
Wit v

m

Note that the following relation holds:

(wf)E
. L¢ Ws . {I—f (wf Wm)f}
sign - —— ¢ =signd — —{—T) ¢

These facts imply Result

E Proof of Result 7

From (26), we have

o oo
ps_ Ac (/ﬁ)_ o )y -C=) | -
pc  As |\usc mCM;’C+p‘{C(VWV—;)l_J . l

The inequalityuss > usc ensures tha@‘;—i)(r - (Z%i)” > 0. Then, as long as # 1, ps/pc
increases withws /wp,.
From (25),yc = C, andys = S(= Sp + S,), we have

)

- Hmcl=—] +4f

as ()" ps5 Miel) e €2

Lee  \uke pcC (w ot '
Hms Wi + His

Clearly, psS/pcC has a positive ffect onLys/Lxc. The inequalityurs > u¢c ensures that the
right-hand side increases Wi@vf /Wm)g_l that increases wittvs /wp, if oo > 1. 0.

F Labor Demand and Supply

We rewrite (25) as

(F.1)



fork =mor f andi = C or S. We first consider = C. If we useyc = C, (8), (11), we have

PeYe 1 (W, Wi g
2 _1+§( L Lf) (F.2)

b+ (E)
Pc

Wy Wi
Since ps/pc is a function ofw;/wp, (see (E.1)),Lxc (k = mor f) also becomes a function of
Wt /Wi,
We next consider = S. Sinceys = Sp + S, we have

PsYs _ PsSp N pSSn- (F.3)
Wi Wk Wik

Similarly to (F.2),psSp /W is a function ofw; /wy, as follows:

1-n
PsSp 1 Wmlm+wilyg ts (E)

= ) F.4
Wy 1+¢ Wi . . [ Ps 1-n (F4)
gc + {5 E
(13) implies
w 1
PsSn _ 1i (%Lm ; —fo) - - (F.5)
W rew M Ty 2 H(ps, W) 7
Os
We rewriteH(ps, WmW;) as
-1 =t
h Ps f €
H(ps, WinWwi) = (95 Wf) l ( ) + WS
1 Wi e-1 1% U Wf e-1 ﬁ
o m o € €
= Q_SA_S lﬂm,s(wf) + HUis [wm(va) +wf} >
= H [ F.6
= w ) (F.6)

In the second equality, we use (26). Thus, from (F.1) and (F.3)-(E®)is also a function of
Wt /Wi,

(15) and (16) show that both, and | are functions ofw;/wy,. Thus, either (27) or (28)
determinesv; /Wn,. One of (27) and (28) is redundant.

In the numerical simulation, we use the following expressior foFrom (A.5), we have

-1
wm Wi
It = h|wm o W ) + Wy
wi W

Te1

)

whereh is given by

Wi
h= H( )Sn,

m

= H" (Wf)—lf —( LI L) - 1 -
Wi/ 1+& s \Wr 1+9—hH(pS,mef)77
S

The first equality uses (14) while the second line uses (F.5).
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G A Special Casefis =0

To consider the market equilibrium, we rewrite (28)las- I; = L¢c + Lts. Both the left- and
right-hand sides are equationswf/w,,. We denote the left- and right-hand sidesdgx) and
Y(x), respectively, whera = ws /W,

To characteriz&(-), we derive the closed form solution fr. Sinceds = 0, we haveS, = 0.
Then, (16) can be rewritten as

Wm|m+Wf|f = ﬁ(WmLm+Wfo). (Gl)

We substitute (A.4) into the above equation and then solvk for

w ws \€
L+ — Ly Lm—(@—f) L
| = 3 Wrs ¢ L Wi Wm
f = < = f+ < (GZ)
1+€(wnWs +wf 1+¢ wm Wi +Wf
Wi Wn Wm wi Wn Wnm

We assume thdt,, = L andwm < ws. ASWn/Ws — 0, we have that; — +co. ASWp/Ws — +00,
we have that (i) — O(< Ly) if € > 1, (ii) It » &L¢/(1 + &)(< Lg) if € < 1, and (i)l —
fo/{(1+§)[1+(wm/wf)f}](< Lf) if e = 1. |fo/Wm = a)f/a)m, we have thaltf = fo/(1+§)(< Lf)
®(-) has the following propertiesd(-) satisfies that lif, jw,—0 ©(-) = =0, iIMy, jwr—ws jwm P() =
Li/(1+ &), and limy, jw,—+c0 () > 0.
We next conside¥(-). Because ofs = Sp, we have

1-n w
g+ féﬂ‘{s(&) F(—f)

Wi 1 Lm 1 AS Wnm
Wl—|= 37—+ + Wi o1 -
Wn 1+¢ _ Wi . . Ac (Wi U
Win/ M5 c + Hme| — Setés| 7T —
m f,C mC Wi, C S AS Wi
where
1
. . Wf 1-0 1-0
" Hms T His W
I'—|= - and o >1>n>0.
Wn - - Wi 7
Hmc t Hic W

Because ofirs > urc, I'(*) is an increasing function and satisfies Jim,. .o = (ur.c/ur.s)71
and limy, w0 = (Umc/tms)72. Then, we have tha¥(-) > 0, limy, w. -o¥() = +oo, and
My, jwyotoo P(-) = 0.
The discussion so far indicates that i, -0 ®(:) = - < +co0 = limy, w,-0¥() and
My, jwyost00 @) > 0 = liMyy, 400 P(-). Thus,®@(-) and¥(-) has at least one intersection. There-
fore, at least one equilibrium exists. The following discussion assumes the uniqueness of the
equilibrium, which is shown to be true for a wide range of parameters by our numerical analysis.
As a driving force of structural change, we consider an increage iAs. We differentiate
¥(-) with respect toAc /As:

an—2Y _siond (3 ret -
Slgna(Ac/AS) = &gn{(ﬂﬁc) () 1}. (G.3)
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Sincel'(-) is an increasing function that satisfies lim,, .o = (urc/uss)7, we have
(ﬂ;) F 1> (ﬂ;) (ﬂ;) _1-0 (G.4)
Hic Hic) \Mts

for wg /wp, > 0. An increase irA¢c/As shifts ¥(-) upward, moving the intersection betwe®f()
and¥(-) rightward. Thenws /w,, increases (see Figure G.1).

(W) —— G Wr

Figure G.1: Equilibrium and thefkect of Biased Technical Change

Sinceps/ pc increases with botlwv; /wy, andAc/Ac (see (E.1))ps/pc also increases. Result
1 indicates thapsS/(pcC) increases (see (18)). Result 7-2 indicates thay Ly c increases (see
(E.2)).

Because ot.,, = L¢, (G.2) shows that ifvi /wy, < 1(< ws/wm), |+ decreases witlwv; /wi,. If
(19) holds, Result 4 shows that«(—I¢)/(Lm — Im) increases. Please see Appendix C and note that
proof of Result 4 holds even when weftdrentiate InlC; — 1)/(Lm — |1) with respect tovs /Wp,.

We finally examine theféect on fertility. Wherngs = 0, we haven = h. We substitute (G.2)
into (A.5) and after some manipulation we obtain

1
1

_ é: I—m . Wi e-1 . P
n= m (Wf W + Lf) {wm(w—m) + (,()f} . (GS)

We take a logarithm ofi and diferentiate it with respect t@; /Wy,

. dInn Li  [wi Wy
&gnm = S|gn{|_—m - (w—mm) } (G.6)

Then, if (20) holds, fertility decreases.
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