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Abstract

This study introduces cash-in-advance constraints into an R&D-based model
of endogenous growth in which agents’ abilities to develop new goods are
heterogeneous. We demonstrate that the negaffeeteof inflation on
long-term growth is weaker in the heterogeneous ability economy than in
the homogeneous ability economy if the inflation rate is relatively low,
whereas the opposite outcome holds in the high inflation regime. Our nu-
merical examples show that the threshold level of inflation is about 20%
per year, which fits well with the findings of existing empirical studies of

the nonlinear relation between inflation and growth.
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1 Introduction

Whether inflation harms economic growth is a long-standing question in macroe-
conomics. Although the issue has not yet been completely settled, empirical
studies of inflation and growth have reached broad consensus. The majority of
empirical research has found that the correlation between inflation and growth
is not prominent when the rate of inflation is relatively low. This finding is the
main reason why recent research on monetary macroeconomics mostly ignores
the growth &ect of inflation and instead focuses on how monetary policy af-
fects short-run business cycles in the presence of price rididkythe same

time, a number of empirical studies have found a significant negative relation
between inflation and growth if the rate of inflation exceeds a threshold level. In
other words, the existing empirical findings suggest that a nonlinear relationship
between inflation and growth may exist.

Researchers using monetary growth models generally conclude that the the-
oretical dfects of inflation on growth are ambiguous. In fact, one can construct
monetary growth models that display various patterns of links between infla-
tion and growtl?. For example, in the context of a representative agent model
with endogenous growth and fixed labor supply, if money is introduced via a
cash-in-advance (CIA) constraint on consumption, then the long-term growth
rate is insensitive to inflation. While such a model may give rise to a negative
growth dtect of inflation if a choice between labor and leisure is allowed, its
guantitative impact is generally small, as shown by Gomme (1993), Jones and
Manuelli (1995), and Chari et al. (1995). On the contrary, it is also possible to
construct a model that involves a substantial negative grofigieteof inflation
if one assumes that inflation tax directlffects investment expenditure on phys-
ical capital, human capital, and R&D activities. Therefore, it is easy to derive
each regime of the inflation—growth relationship based orftardnt analytical
setting. From a theoretical perspective, this is not a satisfactory treatment of

1Another reason is that monetary business cycle models with flexible prices usually show
that introducing money does not alter business cycle patterns in a quantitatively significant man-
ner (see Cooley and Hansen, 1989).

2The literature on money and growth in the 1960s and 1970s employed neoclassical (exoge-
nous) growth models, focusing on the long-ruteet of inflation on the steady-state level of
income (see, for example, Sidrauski (1967), Tobin (1965), and Stein (1971). Most studies in the
1990s used endogenous growth models to discuss the long-run impact of inflation on the growth
rate of real income.



the growth €ect of inflation. The theoretical challenge is thus to describe the
nonlinearity of the inflation—growth relationship in a single model. This paper
presents such an analytical setting.

The analytical framework of this study is an R&D-based model of endoge-
nous growth in which an expansion in the variety of intermediate goods sustains
continuing growth. The final good is produced by using a variety of interme-
diate goods, each of which is produced by a monopolistically competitive firm.
R&D activities expand the variety of intermediate goods by adding new goods.
We assume that each agent hagedent levels of ability of developing new in-
termediate goods and that there is an endogenously determingflleusb of
ability. In this setting, agents with abilities above the ¢litevel become en-
trepreneurs and inventors, while agents with abilities below theficgiee up
innovation and become workers. Money is introduced via CIA constraints on
consumption as well as on expenditure for the fixed and variable costs of pro-
ducing intermediate goods. The monetary authority is assumed to control the
nominal interest rate that directlyfacts the rate of inflation.

In our model, owing to the presence of the CIA constraint on intermedi-
ate good production, a higher inflation rate depresses the monopolistic profits
earned by intermediate good firms. This in turn lowers the benefits of R&D
represented by the present value of a sum of the monopolistic profits obtained
by producing new goods. If agents are homogeneous, such a negative im-
pact of inflation uniformly reduces the incentive for R&D, which lowers eco-
nomic growth. As a result, the negative relation between inflation and growth
is roughly linear in the homogeneous ability economy. If agents’ abilities are
heterogeneous, the rate of inflatioffiezts the occupational choice condition of
agents. When selecting their occupation, agents compare the marginal benefit of
being a worker (i.e., the real wage rate) with the marginal benefit of becoming an
entrepreneur. As mentioned above, arise in inflation lowers the marginal benefit
of R&D, meaning that the cutblevel of ability for being an entrepreneur rises.

If the rate of inflation is relatively low, the rise in the céittevel makes agents
with relatively low abilities give up R&D and become workers. Since such an
impact is relatively small, a rise in inflation does not yield a significant negative
effect on growth. By contrast, if the rate of inflation is high, an additional rise in
inflation generates occupational changes for agents with high abilities. Hence,
its negative impact on growth is large.



In this study, we confirm our intuition both analytically and numerically.
Under a given distribution function of agents’ abilities, we analytically reveal
that if the rate of inflation is relatively low, higher inflation yields a negative
impact on growth that is weaker in the heterogeneous ability economy than in
the homogeneous ability economy. By contrast, if the rate of inflation is rel-
atively high, the growth rate of the heterogeneous ability economy exhibits a
stronger negative response than that of the homogeneous ability economy. As-
suming that entrepreneurial ability follows a truncated Pareto distribution, we
then numerically examine the nonlinear relation between inflation and growth.
Our numerical examples show that under plausible parameter values, there is a
weak negative relation between inflation and growth if the rate of inflation is less
than about 20%. However, if the distribution function of abilities has a “long
and fat” tail, there is a sharp decline in the long-run growth rate of income when
the rate of inflation exceeds that threshold level.

In our analytical and numerical investigations, we focus on the key elements
that give rise to a nonlinear relation between inflation and growth. As for the
negative &ect of inflation on growth, we show that the CIA constraint on in-
termediate good production (in particular, the constraint on the expenditure for
the fixed cost) plays a relevant role. In addition, we find that the distribution
function of ability should have a “long and fat” tail to obtain prominent nonlin-
earity. We discuss those elements in detail. Hence, our contribution is not only
obtaining an empirically plausible inflation—growth linkage but also clarifying
the mechanics that generate such a relationship.

Related Literature

(i) Empirical Studies

A number of empirical investigations of the nonlinear relationship between
inflation and growth have been conducted. Earlier studies such as Fischer (1993)
and Barro (1996, 1997) pointed out the nonlinearity of the correlation between
inflation and growth. Fischer (1993) suggests that the oveff@tes of infla-
tion on growth are negative and that théeets are particularly prominent when
the rate of inflation is high. Based on a series of cross-country studies, Barro
(1996, 1997) finds that the link between inflation and income growth is not
prominent if the inflation rate is below 20% per year. However, if the rate of
inflation is relatively high, a 10% increase reduces the growth rate of real GDP
by between 0.2% and 0.3%. Bruno and Easterly (1996, 1998) also reveal that
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the correlation between inflation and growth is almost negligible in countries
with moderate rates of inflation, while the relation is unambiguously negative
in high-inflation countries. For them, the critical threshold is an inflation rate of
around 40%. Sarel (1996) and Ghosh and Phillips (1998) find structural break
points. According to Sarel (1996), the marginal negatiffeat of inflation on
growth is much stronger if the annual rate of inflation is above 8%. Ghosh and
Phillips (1998) find that, on average, a rise in inflation from 10% to 20% reduces
the growth rate by 0.3-0.4% and a rise in inflation from 20% to 40% lowers the
growth rate by 0.8%. Although these empirical studies in the 1990s revealed
similar profiles for the inflation—growth relationship, they found various thresh-
old rates of inflation depending on the data sets empldyed.

Recent studies of the thresholffiext of inflation on growth have conducted
more sophisticated econometric evaluations. For example, Khan and Senhadji
(2001) use the threshold estimation technique and find that threshold inflation
levels are 1-3% for developed countries, 7-11% for developing countries, and
8-12% for all countries. Similarly, Kremer et al. (2013) re-examine the rela-
tionship between inflation and growth for 40 countries between 1960 and 2004.
They find that in the absence of regime intercepts, the threshold level of in-
flation is 19% and the inclusion of a regime intercept decreases the threshold
from 19% to 12%. In addition, Omey and Kan (2010) employ the panel smooth
transition regression method that takes account of the nonlinearities in the data.
By using a panel data set for six industrialized countries, they find a statistically
significant negative and nonlinear relation between inflation and grovathe-
Villavicencio and Mignon (2011) also use the same technique and a wider data
set to find that the threshold value of the inflation rate strondgfedi among ad-
vanced and developing countries. Their study shows that the estimated threshold
rate of inflation is 2.7% for industrialized economies and 17.5% for emerging
ones. Moreover, for inflation rates of around 3%, the inflation—growth link is
positive in advanced economies, while it is nonsignificant in developing coun-
tries below a 17.5% inflation rate level.

In sum, the empirical studies carried out over the past two decades have
clearly demonstrated the negative and nonlinear impact of inflation on economic

3See Temple (2000) for a critical evaluation of the empirical studies of inflation and growth
conducted in the 1990s.

4For an estimation of the threshold rate of inflation, see also Eggoh and Khan (2014), Pollin
and Zhu (2006), and Rousseau and Wachtel (2002).
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growth. However, these empirical studies do not directly estimate monetary
growth models: they simply estimate the reduced form of the inflation—growth
relationship by using various data sets. Similarly, our model does not intend
to support the specific set of empirical findings obtained so far. Our primary
concern is to demonstrate that introducing agent heterogeneity would be helpful
to show the presence of the threshofiget of inflation on growth.

(ii) Theoretical Studies

From a theoretical perspective, our study belongs to the literature on money
and endogenous growth that was actively studied in the 1990s. Most earlier stud-
ies of this topic utilized endogenous growth models with production externali-
ties or models with human capital accumulation. As mentioned earlier, many of
these concluded that inflation has a long-run negatiteceon growtt?. More
recent studies of money and endogenous growth have focused on R&D-based
growth models. Among others, Chu and Cozzi (2014) introduce CIA constraints
on consumption and R&D expenditure in a quality ladder model of endogenous
growth, while Chu and Lai (2013) analyze a similar model in which money
is introduced by using a money-in-the-utility function approach. Huang et al.
(2013) also introduce CIA constraints into the quality ladder model of growth,
while Oikawa and Ueda (2015) explore the optimal rate of inflation in a similar
setting. On the contrary, Chu et al. (2012) and He (2015) introduce money into
variety expansion models of endogenous growis pointed out by He (2015),
the dfects of monetary policy on growth and welfare in R&D-based models do
not stem from the modelling strategy (i.e., quality ladder vs. variety expansion)
but rather from the dierences in the way in which money is introduced into
the model. Although their model structures are similar to ours, the nonlinear
relationship between inflation and growth is out of touch in those stddies.

SFor example, by using two-sector endogenous growth models with physical and human
capital, Gomme (1993), Jones and Manuelli (1995), and Mino (1997) show that inflation has
a negative impact on the balanced growth rate of the economy. Note that Van der Ploeg and
Alogoskoufis (1994) and Mino and Shibata (1995) derive a positive relation between inflation
and the balanced growth rate by using overlapping generations models with money.

6Among the studies in the 1990s, Marquis andfte (1994) explore a variety expansion
model of endogenous growth with money.

"Another diference between earlier studies and recent ones of monetary endogenous growth
models is that most earlier studies assumed that the central bank controls the growth rate of
the nominal money stock, whereas the recent literature usually assumes that the central bank
controls the nominal interest rate. This study follows the recent approach to monetary policy
formulation.



Some authors derive various patterns for the inflation—growth relationship in
a single model. Vaona (2012) examines an endogenous growth version of the
New Keynesian model and shows that thieet of inflation on growth can be
either negligible or sfiiciently negative depending on the value of the elastic-
ity of labor supply. Similarly, Chen (2015) constructs a transaction cost-based
monetary endogenous growth model with monopolistic competition and reveals
various patterns of inflation—growth relations by changing the value of the elas-
ticity of substitution between intermediate inputs. Both authors reveal that the
relation between inflation and growth may be hump-shaped if certain conditions
are met. While the research interest of those authors overlaps with ours, we ob-
tain an empirically plausible nonlinear relation between inflation and growth
under the given parameter values in the model.

As for the modeling strategy, our study is closely related to Jaimovich and
Rebelo (2016). These authors examine the growiflce of income tax in
an R&D-based, nonmonetary endogenous growth model with heterogeneous
agents. They numerically derive a nonlinear relation between the rate of income
tax and long-run growth rate of the economy. In their numerical experiments,
the rate of income tax has little impact on the long-run growth rate of income be-
fore it reaches about 60%, whereas it has a significant negafiae en growth
if the tax rate exceeds 60%. Their model mimics the weak correlation between
taxation and growth found by the foregoing cross-country studies. Jaimovich
and Rebelo (2016) also claim that a significant negative relation between tax-
ation and growth in the high-income taxation regime supports our intuition: it
is implausible to assume that the long-run growth rate will not decline even if
the rate of income tax is 100%. In this sense, Jaimovich and Rebelo’s primary
concern is to present a model that reconciles the empirical facts with a thought
experiment about the growtlfects of extremely high rates of income tax. By
contrast, our study intends to present a theoretical exposition of the empirically
confirmed relationship between inflation and growth.

The remainder of the paper is organized as follows. The next section sets
up the model. Section 3 analyzes the relationship between inflation and growth.
This section also compares our theoretical results with those obtained in the
homogeneous ability economy to derive the conditions for the nonlinear rela-
tionship between inflation and growth in the heterogeneous ability economy.
Section 4 presents numerical examples of our analytical results and shows that
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under plausible parameter values, heterogeneity in entrepreneurial ability pro-
duces the empirically plausible nonlinearity between inflation and growth. Sec-
tion 5 concludes.

2 The Model

Time is continuous and is denoted by 0. A single final good is produced

by using labor and intermediate goods. The number of intermediate goods at
timetis N;. Intermediate goods are produced by monopolistically competitive
firms. N; expands through R&D activities, which drives economic growth, as in
Romer (1990) and Grossman and Helpman (1993).

We consider a representative “large” household composed of heterogeneous
agents. This setting avoids the complexity involved in managing the distribu-
tion of money holding$.There is a unit continuum of identical households. The
representative “large” household consists of a continuum of agents whose num-
ber is constant dt. Following Jaimovich and Rebelo (2016), we assume that
agents in the representative household are heterogeneous in their entrepreneurial
ability, h € [hnin, hmax, Whereh follows a cumulative distributior(h) that is
continuously diferentiable and satisfids(hmin) = 0 andF(hmay) = 1 (0 <
hmin < hmay)- Agents with the same ability are identical. There is an occupa-
tional choice, as in Lucas (1978). Each agent becomes an entrepreneur or a
worker. If an agent becomes an entrepreneysheeengages in R&D activities
to increase the number of intermediate good firms thaheeowns.

2.1 Final Good Production
The production technology of the final good is given by
N
Ye=If- | Zyedj, (1)
0

whereY; is the final good output; is labor input.z;; is the quantity of interme-
diate inputj € [0, N¢], anda € (0, 1) represents the inverse of the elasticity of
substitution among intermediate inputs.

8Appendix A presents an alternative setting that generates the same result.
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The final good sector is competitive. Profit maximization yields

L LI

EC R P @
Nt | a-1

W = ozf (—‘) dj, (3)
0o \Zjt

whereP; and p;; are the prices of the final good and intermediate gpoe-
spectively.w, is the wage rate in terms of the final good.

2.2 Monetary Authority

The monetary authority controls nominal interest igtevhich is kept constant
over time ( = i > 0 Vt). It rebates seigniorage revenue to households through
lump-sum transfers. Theil; = M,/P; holds, whereT, is the lump-sum transfer

at timet and M is the nominal money stock.

2.3 Households

The utility of the representative “large” household at tigis given by
Us = f T gotag (4)
s 1-o ’

wherec, denotes the final good consumption per agent at time> 0 is the
time preference rateoc > 0 is the inverse of the elasticity of intertemporal
substitution. Wheiwr = 1, instantaneous utility takes a logarithmic form.

Each agent in the representative “large” household owns intermediate good
firms. The number of intermediate good firms that a typical agent with ability
h owns isn,;, meaning that\; = fr:nma nnLdF(h). If an agent with abilityh
becomes an entrepreneur and engages in R&D for time intetyvhbdhe can
invent 6K:h - dt new intermediate goods. The presenceKefrepresents the
knowledge spillover. The law of motion fox,; is given byn,; = 6Kih- (1—-1yy),
wherely; = 1 holds if an agent with abilitth becomes a worker at timie
Otherwise I,y = 0 holds. The inventor of a new intermediate good can hold a



permanent patent for a newly invented gobklevolves according to

N, = f " b LdF(h) = 0K, f (L~ In)LdF(h) )
Nimin Pmin
The intermediate good sector is monopolistically competitive. The produc-
tion of a unit of intermediate googlrequiresnp > 0 units of the final good as
variable costs. In addition, to operate an intermediate good £irmQ units of
the final good are needed as fixed costs. If we use (2), the operating profit of
intermediate good is given by

Pj, al-a
ﬂj,t:(ﬁ—ﬂ)'zj,t—fz(l—a)'hz},t —nzji —¢&. (6)

If an agent becomes a worker,/blee earns labor incom&. Each agent
receives profits;; from the intermediate good firm that/see owns. The sum
of the profit income that an agent with abilityreceives ist,; = fjeam mjdj,
whereZ, ; is the set of intermediate good firms that an agent with alilgwns.
The representative household as a whole recej;\Z%aénh,tLdF(h) = fON‘ mjdj.

The flow budget constraint of the representative “large” household is

hmax

Ne
GLeborm=rbor [ wiildE®)+ [ i< Toum, @)
whereb, andm(= M;/P;) denote the real bond and real money holdings of the
representative household, respectively. The variallasdy; = P;/P; denote
the real interest rate and inflation rate, respectively.

A fraction 6. € [0, 1] of consumption expenditure is subject to a CIA con-
straint. In addition, a fractiod, < [0, 1] of the variable cost and a fraction
6 € [0, 1] of the fixed cost must be financed by mofiejhe CIA constraint is
given by

Nt
m > QCC[L + an T]Zj’tdj + ngté:- (8)
0

Givenby, my, Nho, andNy, the representative household maximizes (4) sub-

%Here, we assume that a part of the final good should be purchased by paying cash. We
may assume that intermediate goods are also cash goods; however, as we see below, such an
assumption does not play an essential role in deriving the nonlinear relation between inflation
and growth.
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jectto (5), (6), (7), and (8). The first-order conditions are given by

G (C)7 = (A + Oyl (9a)
z @ A|(1- gy - nf = wibm, (9b)
be : A= (o -, (9c)
M —Ayn + Y = —A + pAs, (9d)

Ne @ Ac- {(1 - a)l{Z5 ¢ — nZne - f} — Y- (On2ns + 0:6) = L+ pli, (9€)
| { 1 if AW > (téKth,
ht =

. (9f)
0 if 4w < GoKh,

where 1, &, andy, are the costate variables associated with the budget con-
straint, law of motion forl\;, and CIA constraint, respectively. The following
discussion assumég = N;, as is common in the literature (see Grossman and
Helpman, 1993).

CIA Constraint and Euler Equation

From (9c¢), (9d), and the Fisher equationr-(r; + u), we obtain
Yt = I/lt > 0. (10)

Equations (9a) and (10), together wak > O, implyy; > Oforallt > 0. As a
result, the CIA constraint is always binding.

From (9a), (9¢), and (10), we obtain the following consumption Euler equa-
tion:

-1 t-p). (11)
(o

oo

Intermediate Good Production

From (9b) and (10), we know that intermediate good fjrproduces

a

4t=[(1_ay =z (12)

n-(1+i6,)
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Since all producers choose the same quantity, we eliminate the sulgdcopt
zj; in what follows. By using (10) and (12), we rewrite (9e) as

A (- )lf 7 = (L+i6,nz — (L +i6:)¢} = ~& + p&i,

Tt

whereT, represents the profits of an intermediate good firm net of the costs
generated by the CIA constraiat; = n; — i6,nz — i0:£. Let us define = ¢/ ;.

The above equation, together with (9¢), implieg = v, + 7, which has the
following solution:

Vi = f 76 k rdugr, (13)
t
Thus,v; can be interpreted as the value of an intermediate good firm.

Occupational Choice

Equation (9f) implies that threshold ability makes agents inflerent between
being a worker and being an entrepreneur. From [®f$atisfies

Wy = v - 5Nth;‘ (14)

The left-hand side (LHS) shows the opportunity cost of being an entrepreneur,
while the right-hand side (RHS) shows the benefit of being an entrepreneur.
An increase in affectst, andv; and hence influences the benefit of being an
entrepreneur.

From (9f) and (14), agents with an ability abovwebecome entrepreneurs
and the others become workers. The number of entrepreneurs atisimg1 -
F(hy)} and the number of workers (the labor supply for final good production)
at timet is I, = LF(h). Hence, (5) can be written & = 6N,LH(h;), where
H(h) = fh;f“ax hdF (h). The growth rate oN, is given by

Ny . .

N oLH(hy) = g(hy). (15)
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2.4 Equilibrium Conditions

The following four equilibrium conditions for the economy exist:

b =0, (16a)

B = L+ N6+ 6:8) (16b)
t

Yi = Lc + Nz + N&, (16c)

L=F()L+@-FM))L =1+ (1-F(h))L. (16d)

The equilibrium condition for the credit market is given by (16a). Since we
assume a closed economy, the net supply of real bonds is zero. The equilibrium
conditions for the money market, final good market, and labor market are given
by (16b), (16c), and (16d), respectively.

2.5 The Dynamics ofh;

Appendix B shows that the dynamics of threshold abHityare given by

hy o h {TIF (hy) — @(i
N o R e
where
R R ) o A R € ) ) B
Q(h;i) = 3 |na+io) ‘[1— l+i6n]'|:(ht)ht,
gh) = GSLH(), (18a)
o) = {@+io)” @+i6)e (18b)
In = a/(l—a)z(;rnL, (18¢c)
1 2(1-0)
r = 5~a/(1—a/) a .

®(i) represents the sum of the production costs and CIA costs.

2.6 The Steady-State Equilibrium

To study the steady-state equilibrium, we assume the following two conditions.

Assumption 1. hpax{IT - F(hmay) — ®(0)} > pI".

13



Assumption 2. At least one ob, € [0, 1] andé; € [0, 1] is strictly positive.

Assumption 1 holds it is suficiently large (see (18c)). This assumption en-
sures the existence of a steady state with positive growth. Assumption 2 means
that at least one of the variable cost and the fixed cost of intermediate good
production is subject to the CIA constraint. Assumption 2 ensuresittiais
an increasing function afand lim_,. ®(i) = . Thus, there exists a unique
imax > O that satisfies

Nmax{IT - F(Nmax) = @(imax)} = oI (19)

We define a steady-state equilibrium as an equilibrium whgre constant
over time. Hereatfter, the variables without subsdrg#note steady-state values.
Under Assumptions 1 and 2, we can prove the next proposition.

Proposition 1 Suppose that Assumptions 1 and 2 hold. Fer (0, imay, the
economy always stays in a unigue steady-state equilibrium where the
growth rate of N, g(i), is strictly positive and ;yand G grow at the same
rate as N.

Proof. See Appendix C.

Since the growth rate, inflation rate, and threshold ability are functions of
the nominal interest rate in the steady state, we denote theglipy(i), and
h*(i), respectively. The continuousftérentiability of F(h) ensures thag(i),

u(i), andh*(i) are also continuously fierentiable. Note that,.x is the upper
bound nominal interest rate that ensures positive grogdi, > 0, and that
d(imay) = O (see Appendix C). From (11) ame: r; + u, u(i) is given by

p() =i-r=i-p-og). (20)

The growth rate of nominal moneW,/M; is equal tou(i) + g(i) (see Appendix
C).

Before studying the relationship between inflation and growth, we examine
the dfects ofi ong(i) andu(i). By using (18a), Appendix D shows

dg(i) _ SLh* (i)@' (i) .
S L L N Aigll) <0. (21)
(h()F (h (i)

14



If Assumption 2 is not satisfied, we had(i) = 0. Then, the nominal interest
rate has no growthfiect. Assumption 2 ensurd@s (i) # 0. Thus, the nominal
interest rate has a growtlffect. Under Assumption 2, an increase decreases
g(i). The intuition is simple. Since an increassd ilghtens the CIA constraint,
the net profit,r;, and value of an intermediate good firm, decrease, which
lowers the benefits of being an entrepreneur (see (B.5) in Appendix B and (13)).
Then, the threshold ability increases; @d)/di > 0 (see Appendix C). The num-
ber of entrepreneurs is negativeljexted and thus the growth rate is depressed.
From (20), we haveui)/di = 1 — oA 4(i) > 0 because oh; 4(i) < 0. Then, an
increase in has a positive fect on the inflation rate.

Note that a strictly positive fixed cost of intermediate good productisrO
is necessary for the nominal interest rate to have a grofigicte Let us recon-
sider (14) that determines the threshold abilityj). Consider the steady-state
equilibrium. Since the real interest rate is constant at the steady state, (13) is
rewritten ass = Z. By substituting (B.5), (B.6), and = Z into (14), we obtain

M+ ien)n}‘lz’"rF(h:) -Qriog

2(1-a)

al-a) @

*

thh -

{1+ ie,,)n}_% N =

The LHS is the opportunity cost of being an entrepreneuwhile the RHS is

the benefit of being an entreprenewiN h*(= 76N h*/r). Whené = 0, the above
equation is independent af Hence, the nominal interest rate has fi@et on

the threshold ability and has no growtfiext. Only wher¢ > 0 does affect the
threshold ability. The reason is as follows. The benefit of being an entrepreneur
is afected by the fixed cost through the net préfitHowever, the opportunity
cost of being an entreprenewy, is independent of the fixed cost becauge
equals themarginal product of labor. Therefore, in the presence of the fixed
cost,i has diferent éfects on both sides of the above equation and tlffests

the threshold ability.

3 The Relationship between Inflation and Growth

The discussion in the previous section implies a negative relationship between
inflation and growth. Since we are interested in the nonlinearity of this rela-
tionship, we examine the magnitude of this relationship. To this end, we totally
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differentiate (20) to obtain

ag() = T2 i) = 2,500 - i), (22)

— 0 - Aig(i)
whereA (i) = Aig(l) SinceA; 4(i) = dg(i)/di < 0, we haveh, 4(i) <O
Then, there is a negative relationship between inflation and growth. Moreover,
a largelA; ¢(i)l implies a largdA,, 4(i)|.

3.1 Homogeneous Ability Economy

To highlight the role of heterogeneity in ability, we also consider a homoge-
neous ability economy in which all agents have the same affilityD. Denote

the fraction of workers and equilibrium growth rate in the homogeneous ability
economy byg; € [0, 1] andg!, respectively. Hereafter, the variables with super-
scriptH denote those variables for he homogeneous ability economy. We have
g = 5FL(1 — ). Appendix E shows that in the steady-state equilibrium, where
q: is constant ag|(i) € (0, 1) (see (E.3)), the growth rate is given by

h(Il - @(i)) - Tp

H -
= oL
90 = b Tt

(23)

To ensuregh(i) > 0, i must be belowi"_ . whereit_ is defined byh(IT -
d(i.)) =Tp (org(if.,) = 0). From (23), we obtain

dg(i) _  oLha()
d I+oT6L

= Af(i) <0, (24)

Assumption 2 ensure®’(i) < 0. If we replaceg(i), u(i), Aig(i), andA, 4(i)
with g"(i), u"(i), ATy(i), and All(i), respectively, (20) and (22) still hold in
a homogeneous ability economy. In this homogeneous ability economy, the
inflation rate also increases wittand there is a negative relationship between
inflation and growth.

As in the heterogeneous ability economy, a strictly positive fixed cost of
intermediate good productio&,> 0, is necessary to obtain the growtfieet of
the nominal interest rate.
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3.2 Comparing the Heterogeneous and Homogeneous Ability
Economies

We now compare the heterogeneous ability economy with the homogeneous
ability economy to highlight the role of heterogeneity. The comparison between
(21) and (24) shows two flerences between these economies: (i) the third term
in the denominator on the RHS of (21) and (ii) the tenmig) andh in the
numerator of both equations. The firsftdrence suggests that in the heteroge-
neous ability economy, if the density of agents with threshold al#lit*(i)) is
high, |A; 4(i)| becomes large. The nominal interest refe@s growth through its
effects on the occupational choices of agents with the threshold ability. Thus, as
the number of agents with the threshold ability increases, the nominal interest
rate tends to have a large growtfiext. The second fierence shows that in the
heterogeneous ability econon; 4(i)| tends to increase with threshold ability
h*(i). This is because the occupational choices of high-ability agents have larger
impacts on growth than those of low-ability agents.

These diferences between the homogeneous and heterogeneous ability economies
produce diferent inflation—growth relationships through (22). Then, we obtain
the following proposition.

Proposition 2 Suppose that Assumptions 1 and 2 hold and that there @xists
(0, Min{imay i',,1) such that §) = g™ (i) > 0 holds. Theni is unique and
fori € (0,i], we have (i) < h and

() 0> Aigl) > ALL(), (25)
(i) 0> Auq) > A" (i). (26)

Proof. See Appendix F.

Since the inflation rate increases withwe have mapu(i), 1H(i)} < u(i) =
i—p—og(i) fori € (0,i]. Therefore, Proposition 2 suggests that for low inflation,
the heterogeneous ability economy has a weaker negative relationship between
inflation and growth than the homogeneous ability economy. The intuition is
as follows: when the nominal interest rate is low and hence the inflation rate is
also low, the CIA constraint is loose. The net profit and value of an intermedi-
ate good firmz; andyw;, are both large. Being an entrepreneur generates large
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benefits. Then, in the heterogeneous ability economy, even agents with low abil-
ity become entrepreneurk’(i) < hforie (0,i]). When the nominal interest
rate and inflation rate increase, these low-ability entrepreneurs switch to being
workers, which has a negativect on growth. However, because the abilities
of these agents are low, their occupational choices have only a small impact on
growth (see (25)). Then, for low inflation, a weak negative relationship between
inflation and growth arises in the heterogeneous ability economy (see (26)).
Furthermore, for a high inflation rate, we prove the next proposition.

Proposition 3 Suppose thatfiis syficiently large andimy, .+ o (Nmax)F’(hmay) =
+0o0 and that Assumptions 1 and 2 hold. Foyfatiently high i€ (0, imay),

we have
i) 0> ie[&iﬂg (A0 > Aigli). (27)
(i) 0> ie@iﬂg (A0} > Aug(D). (28)

Proof. See Appendix G.

A highi implies a high inflation ratey(i). Therefore, Proposition 3 implies
that for a stfficiently high inflation rate, the heterogeneous ability economy has
a stronger negative relationship between inflation and growth than the homoge-
neous ability economy.

The condition thahn,y is suficiently large means a high upper bound of
ability. This implies a “long-tailed” distribution of ability. The condition li, . e (hmax)*F’ (Mmax) =
+0co means that there is a nonnegligible number of high-ability agents. This im-
plies a “fat-tailed” distribution of ability. Thus, these two conditions imply a
“long and fat-tailed” distribution of ability.

The intuition of Proposition 3 is simple. When the inflation rate is high, only
high-ability agents become entrepreneurs. Because of the “long and fat-tailed”
distribution of ability, the occupational choices of these high-ability agents have
large impacts on growth (see (27)), which results in a strong negative relation-
ship between inflation and growth (see (28)).

As an example of fat-tailed distributions, consider a truncated Pareto distri-
bution with a shape parametaf> 1), a lower bound,,(> 0), and an upper
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boundhmax(> hmin):

1- (hmin/h)a

F(h) - 1- (hmin/hmax)a'

(29)

With a small shape parametare [1, 2), this distribution satisfies lif,, -+ e (Mmax)*F’(hmax) =
+oo. If @ > 2, (29) does not satisfy lif, e (Mmax)®F’(Nmay) = +oo. Uniform
distributions also satisfy Iimaﬁm(hmax)?’F’(hmax) = 400,

3.3 Nonlinear Relationship between Inflation and Growth

We now establish the nonlinearity between inflation and growth in the heteroge-
neous ability economy. Suppose that Propositions 2 and 3 hold. Then, (26) and
(28) imply the following relation:

0> Mgl o

V

H -

A1) ie(0/1]
min {AR (i
ie(O,iHax){ sl )}

Bugli)

v

Vv

sufficiently highi € (0, imay)

Note that the inflation ratg(i) increases with. The above relation implies that
in the heterogeneous ability economy, the magnitude of the negative relationship
between inflation and growth is small for a low inflation rate, while it is large for
a high inflation rate. Then, the heterogeneous ability economy has a nonlinear
relationship between inflation and growth.

To prove Propositions 2 and 3, we need the following three conditions: (i)
there existd € (0, Min{imaxit.,}) such thatg"(i) = g(i) > 0 holds, (i) hmax
is suficiently large, and (iii) lim,. .+ c(hma)®F’ (hmax) = +o0. Proposition 2
shows that condition (i) implieb*(i) < hforie (0,i]. Sinceh®(i) > hmi, must
hold, condition (i) can be satisfied only if\ihmi, > 0 is suficiently small. Thus,
all three conditions are concerned with the distribution of entrepreneurial ability.
Heterogeneity in ability plays an important role for generating the nonlinear-
ity between inflation and growth. Condition$)(@nd (ii) suggest a shiciently
large diference betweeh,,, andhnay Condition (iii) implies a nonnegligible
number of high-ability agents. Consequently, we can conclude that if there is
substantial heterogeneity in ability (“long-tailed distribution” of ability) and the
number of high-ability agents is nonnegligible (“fat-tailed distribution” of abil-
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ity), heterogeneity in ability generates a nonlinear relationship between inflation
and growth.

In the homogeneous ability economy, a counterfactual nonlinear relationship
may exist. From (24), we have si{gjzlsi'fg(i)/di} = sign{—®” (i)}, where

1—2(11+i05 }
o

20; + —
¢ 1+i6, "

sign—o” (i)} = sign{—@,,

This equation shows tham@g(i)/di can be positive or negative depending on

the parameters. Ifzdfg(i)/di is positive,lAﬁg(i)l decreases with because of

A7) < 0. Since a smallAfi(i)l implies a smallAfy(i)l, the magnitude of

the negative relationship between inflation and growth becomes small (large)
for a high (low) inflation rate, which is inconsistent with the empirical findings.

We emphasize that even when the homogeneous case generates a counterfac-
tual nonlinear relationship, the heterogeneous case produces an inflation—growth
nonlinearity that is consistent with the empirical findings.

4 Numerical Examples

Section 3 analytically showed that “long and fat-tail-distributed” entrepreneurial
ability generates a nonlinear relationship between inflation and growth. This
section presents numerical examples to examine whether the nonlinearity be-
tween inflation and growth is obtained under plausible parameter values.

4.1 Calibration

We begin with parameter values other than entrepreneurial ability and its distri-
bution. Section 3 showed that the distribution of entrepreneurial ability is im-
portant for the nonlinearity between inflation and growth. Therefore, our results
concerning nonlinearity are uffacted qualitatively by the choices of parame-
ters other than entrepreneurial ability and its distribution.

We set the strength of the CIA constraint to odg £ 6, = 6; = 1). The
discussion later usesftkrent values for the strength of the CIA constraint. We
assumex = 0.6 to ensure that the labor share in the final good sector is 60%.
The inverse of the intertemporal elasticity of substitution is set te 2. We
setp = 0.01 to ensure that the annual real interest rate in an economy with no
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growth is 1%. We normalize the constant marginal cost of intermediate good
production to oner = 1).
Because of (hmay = 1, (19) implies that whehpax — +00, imax CONVerges
1

O Tmax WhHeTeimay satisfiesT = ®(imay), or {(1+ Eﬁn)n}‘;’“ (1 + Tmabe)é =
a(l - a)%L (see (18b) and (18c)). Then, whép.y is substantially large,
the upper bound of the nominal interest ratg,, that ensures positive growth
depends on the value &f/¢, givena = 06,7 = 1, andf; = 6, = 6, = 1.
Here, we assumk/¢ = 20, which implies thatyx is around 23% whehyax is
suficiently large. We set the population to orhe<£ 1), which impliest = 0.05.
Even if we sel. = 20 and¢ = 1, the results are uffected.

We assume that entrepreneurial abilityollows a truncated Pareto distri-
bution, (29), which is a typical example of long and fat-tailed distributions. If
ae[1,2) @z 2),limy . ie0(Nmad®F (hmay) = +oo is (not) satisfied by (29).

The distribution of ability is governed by three parametexshpin, andhmax

As in Jaimovich and Rebelo (2015), we set the lower bound of ability to one
(hmin = 1). We choose the values afand h,,,x as well as the value of the
strength of knowledge spilloveéras follows.

We first guess the value af The next step determines the valueoGiven
this guess, we set and h,,.x to satisfy two empirical facts. The first fact is
that the growth rate is 2% when the inflation rate is also 2%, which is roughly
consistent with the U.S. observation. Concerning this fact, we use (20) to find
the value of that ensureg = 0.02 whenu = 0.02. We denote this value ofas
Itarget. The following procedure sets= iiarget.

The second fact concerns firm size distribution. According to data taken
from the U.S. Census Bureau (hffpiww.census.ggecorisusly), in the U.S.
economy, there were 5,726,160 firms and 115,938,468 employments in 2012.
The data show that 32,334,931 employments were employed by the largest 964
firms with more than 10,000 employees. This fact implies that the top 0.017%
of U.S. firms employ 27.9% of the labor force.

Concerning the second fact, we follow Jaimovich and Rebelo (2013) and as-
sume that the intermediate good sector and final good sector are vertically inte-
grated, meaning that the owners of intermediate good firms (i.e., entrepreneurs)
hire workers to produce final goods. We also assume that the initial ownership
of intermediate good firms is distributed among entrepreneurs in proportion to
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their ability:

nhio h

Sho = e a——
? N Nmax
0 L [ hdF(h)

wheres, is the initial share of the intermediate good firms owned by an agent
with ability h. Entrepreneurs take this initial distribution as given. Under this
assumptionn,; grows at the same rate Asand hence the distribution of own-
ership becomes time-invariattRecall that all intermediate good firms produce
the same quantity. The number of intermediate goods that an agent owns is pro-
portional to the number of the workers that the agent employs. Therefore, firm
size is proportional to the ability of the entrepreneur.

To find the values olfi,,.xandé given the guess @&(> 1), we use an iterative
process. First, we guess the value$igf,ands and then computk® by setting
h;‘ =0in (17). Next, we computla_that satisfies the following equation:

hmax
" G (h)

T = 000017
S dF (h)

The value oh determines the top 0.017% of firms. The requirement that the top
0.017% of entrepreneurs account for 27.9% of employment is written as

X (h
—fhh M _ 0279
[ hdF (h)

h

Given h* andﬁ, we compute the value df,.« by using the above equation.
Then, we compute the value 6f using (15), to ensure that = 0.02 holds
wheni = iager. We iterate this process until the valueshgf,, andé converge.
If a = 1, convergence occurs whén= 0.00174 andhyox = 58,533 854. If
a=11(a=15), we obtains = 0.00397 andh.x = 212 592 778 (¢ = 0.03425
andhnay = 718). Ifa > 2, this iterative process does not converge.

Finally, we determine the value af> 1). According to the data taken from
the U.S. Census Bureau (hfffmmww.census.ggecornisush), in the U.S. econ-
omy, the number of large firms with more than 500 employees was 18,219 in
2012. This accounts for about 0.3% of all firms. These firms employ 59,875,575

1%Note thatn/nht = ONth/np;. If we substituteny;/N; = s,, we haveny/nh; = 0.
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workers, which accounts for 51.6% of all employmentsa # 1, our model in-
dicates that the top 0.3% of firms employ 51.6% of workers, which fits well
with the U.S. data. If we increase the valueafthe employment share of
the top 0.3% of firms decreases. For example, if weaset 1.1 (a = 1.5),

the top 0.3% of firms account for 45.8% (3.8%) of employment. Thus, we
seta = 1, which ensures that the distribution of the ability has a fat tail,
limp,,,+co(Pmax)°F’(Nmay) = +oo. Settinga = 1 implieshmax = 58,533 854,
which seems to be fliciently large. Thus, our benchmark calibration based
on the U.S. data seems to produce a long and fat-tailed distribution of ability.
Finally, under these parameters, we have- 3637 when the inflation rate is
2%. We havéh,,/h* = 160 940, which means that the size of the largest firm
is 160,940 times larger than that of the smallest firm.

Except forh, our numerical example for the homogeneous ability economy
uses the same parameter values as those used for the heterogeneous ability econ-
omy. Givene = 06,0 =2,p=001,n=1,6 =005L=1,6.=6, =6, = 1,
ands = 0.00174, we seh to ensure thag" (itarged) is 2%, which implies that"
is also 2%. This yieldk = 416.

4.2 Results

Figure 1 shows our numerical results. Panels (a) and (b) displayfdutseof the
nominal interest rate on inflation and growth, respectively. By combining these
two panels, we obtain the relationships between inflation and growth (Panel
(c)). As we showed in Section 3 analytically, in the presence of heterogeneity in
ability, the inflation—growth relationship is highly nonlinear, while it is roughly
linear without heterogeneity in ability. In the homogeneous ability economy,
as inflation increases from 2% to 10%, the growth rate decreases from 2% to
1.1%. For the same changes in inflation, the heterogeneous ability economy
experiences a limited reduction in the growth rate from 2% to 1.9%. However,
for inflation above 18%, the heterogeneous ability economy exhibits a much
stronger negative relationship. As inflation increases from 18% to 21%, the
growth rate decreases sharply from 1.6% to 0.5%.

Panel (d) shows the negative relationships between inflation and the frac-
tion of entrepreneurs. In both the homogeneous and the heterogeneous ability
economies, these relationships are roughly linear. However, the heterogeneous
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ability economy exhibits a highly nonlinear relationship between inflation and
growth. This is because as inflation increases, the ability of entrepreneurs who
exit increases. Panel (d) also shows the following point. In the homogeneous
ability economy, labor reallocation from the production sector to the R&D sec-
tor is an important mechanism behind the inflation—growth relationship. How-
ever, such a labor reallocation is limited in the heterogeneous ability economy.
Instead, increases in threshold abilityderive the nonlinearity of the inflation—
growth relationship.

[Figure 1]

4.3 Welfare Implications

The nonlinearity between inflation and growth provides important welfare im-
plications. Since the economy is always in the steady-state equilibrium, (4) can
be written as

L@ @
A=+ -18  @-o)lp+ -1’

whereg = g(i) or g"'(i). In the heterogeneous ability economyis defined by
(B.2). For the homogeneous ability econorfiiyh*) in (B.2) must be replaced
by the fraction of workersj, which is given by (E.3). We normalizd, to one
and then we havey = Cp.

Figure 2 plots the welfare costs against inflation. Panels (a) and (b) Show
the percentage changeslily and welfare losses in terms of consumption, re-
spectively, when the inflation rate changes from £%.

Uo

[Figure 2]

Both panels demonstrate that in the heterogeneous ability economy, low in-
flation is associated with relatively low welfare costs. When inflation rises from
2% to 3%, the homogeneous ability economy experiences a 4.1% decrease in
welfare. By contrast, in the presence of heterogeneity, welfare decreases by only

1\We calculate these welfare losses in terms of consumption as follows. Denote the consump-
tion level when inflation is 2% byo,. In addition, we denote the welfare level when inflation
is X% by Up x. By assuming that the inflation rate is 2%, or equivalently, the growth rate is 2%,
we calculate the initial consumption lewe|y that achieves the same welfarelas,. After that,
the percentage fierence betweety, andcy x is computed.
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0.87%. In terms of consumption, the welfare loss is 3.94% in the homogeneous
ability economy, while it is 0.86% in the heterogeneous ability economy. At the
same time, the two panels show that in the heterogeneous ability economy, high
inflation is associated with significantly large welfare costs. In the presence of
heterogeneous ability, when inflation increases from 20% to 22%, the welfare
loss rises from 78% to 218%. In terms of consumption, the welfare loss rises
from 38% to 67%.

4.4  Ability Distribution

Subsection 3.2 showed that the nonlinear relationship between inflation and
growth requires a long and fat-tailed distribution (see Proposition 3). A suf-
ficiently largehnax implies a long-tailed distribution. Panel (a) of Figure 3 ex-
amines the fects ofh,,x on the inflation—growth relationship. This panel uses
the values ohpaxbelow the benchmarkg.x = benchmark 100 and benchmark
/10,000). Ifa € [1, 2), the ability distribution has a fat tail (lif, . +c (Mmax)*F’ (Nmay) =
+00). The benchmark calibration seds= 1. Panel (b) of Figure 3 presents the
inflation—growth relationships faa = 1.4 and 18.12 Both panels plot the ho-
mogeneous cases with benchmark parameters for comparison. As the value of
hmax becomes smaller and as the valueadfecomes closer to 2, the nonlinear-

ity becomes weaker. However, the heterogeneous case still creates the stronger
nonlinearity between inflation and growth than the homogeneous case. Hetero-
geneous ability may thus be a source of nonlinearity for a wide range of ability
distribution.

[Figure 3]

4.5 CIA Constraints

Our model needs CIA constraints on the variable and fixed costs of intermediate
good production to ensure that the nominal interest rate has a grdieti’é
Therefore, the CIA constraints on these costs are essential for generating the

121n the heterogeneous cases of Figure 3, we adjust the vatueopeach value ofi,, and
ato ensure that the growth rate is 2% when the inflation rate is 2%.

13Remember that Assumption 2 is needed for the nominal interest rate to have a ¢festth e
On the contrary, the CIA constraint on consumption, representeq, lpes not influence our
results because it does ndtext the threshold ability.
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nonlinear relationship between inflation and growth. The nonlinear relation-
ship in our model may be sensitive to the valueg,pdnd6,. However, the
benchmark analysis so far sets the values of the strength of the CIA constraints
arbitrarily, 6, = 6, = 1. Keeping the values of the other parameters unchanged,
this subsection changes the valueg,odindé, and examines theirfiects.

Figure 4 shows the relationships between inflation and growth for the dif-
ferent values ob, and6;. Even if we use the smaller values @f and ¢,
which means looser CAIl constraints, the inflation—growth relationship is highly
nonlinear in the presence of heterogeneity in ability, while it is roughly linear
without heterogeneity in ability.

[Figure 4]

Moreover, Figure 4 reveals an interesting point. When the CIA constraints
become looser, the growth rate increases irrespective of the presence of hetero-
geneity. This is because loosening the CAI constraints on the variable and fixed
costs increases the net profit of intermediate good firmahich has a positive
effect on the benefit of being an entrepreneur. More importantly, the presence of
heterogeneityfdects the magnitude of the increases in the growth rate. Without
heterogeneity, loosening the CIA constraint stimulates growth significantly for
all inflation rates. However, in the heterogeneous ability economy, the magni-
tude of the increases in the growth rate varies substantially depending on the
inflation rate. For low inflation, the growthffect of loosening the CIA con-
straint is limited. For high inflation, a looser CAI constraint accelerates growth
significantly. This result suggests that financial development may have only a
limited growth dfect in low-inflation countries, while it may have a substantial
growth dfect in high-inflation countries.

5 Conclusion

In this study, we derived an empirically plausible nonlinear relationship between
inflation and growth both analytically and numerically. By using an R&D-based
endogenous growth model with money, we showed that the nonlinearity of the
inflation—growth relation depends on three key factors: (i) the CIA constraint on
intermediate good production, (ii) heterogeneity in entrepreneurial ability, and
(i) a “long and fat-tailed” distribution of ability.
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In our model, owing to the presence of the CIA constraint on intermedi-
ate good production, a higher inflation rate depresses the monopolistic profits
earned by intermediate good firms. This in turn reduces the number of en-
trepreneurs, which lowers economic growth. When the inflation rate is high,
only high-ability agents become entrepreneurs. When the distribution of ability
has a “long- and fat tail,” there is a nonnegligible number of high-ability agents.
Therefore, the occupational choices of these high-ability agents have a large im-
pact on growth, which results in a strong negative relationship between inflation
and growth.

We also present numerical examples to examine whether the nonlinearity
between inflation and growth is obtained under plausible parameter values. By
using parameters consistent with U.S. data, we show that for an inflation rate
above 20%, our model economy exhibits a highly nonlinear relationship be-
tween inflation and growth. This result is consistent with the empirical evidence.

Appendix

A An Alternative Setting

This appendix modifies our basic model so that individual agents are the deci-
sion makers. Here, we retain the notation used in the main text as far as possible.
The utility of an agent with ability at timesis given by

“(eh)t -1

s l1-0

Ups = e P9, (A.1)

wherecy; denotes the final good consumption of an agent with alildy time
t.

We denote the number of intermediate firms owned by an agent with ability
h at timet by n,;. We haveN; = fnh’tLd F(h). The law of motion fom; is
given by

hh,t = (SKth : (1 - Ih,t)~ (A2)

Again, the operating profit of intermediate gogds given by (6). The flow
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budget constraint of an agent with abiltys

Nh.t

Cht + Bt + Mhg = Mbng — iReXng + IneWe + fo il + % — My, (A3)
whereb,; and my; denote the agent’s real bond and real money holdings, re-
spectively. Agents can borrow real money from other agents by incurring the
money rental rat&;. In (A.3), X, denotes the real money borrowed from other
agents. A negative,; means that the agent with abilitylends real money to
other households. Since agents cannot lend real money beyond their real money
holdings,my; + Xn; > 0 must hold. Naturally, we havﬁxh,tLdF(h) = 0. Now,
the CIA constraint is given by

Nh.t

Myt + Xnt > 6cChy + 6, f nZjxdj + Oenpeé. (A.4)
0

Givenby, o, myo, andnyp, an agent with abilith maximizes (A.1) subject to
(6), (A.2), (A.3), and (A.4). The first-order conditions are given by

Cht - (Cnt)™ = Ant + Oc¥nys (A.5)
Xnt ¢ Andrt = Yne (A.6)
Zi ¢ And{(1- @)z - ) = Ynibyn, (A7)

ne /-1h,t = (o = rdne (A.8)
My 0 =gt + Yng = —dng + png, (A.9)

Mt * Ant- {(1 — )z 5 = M2yt — f} — Unt " (041201 + 6:8) = =it + Pl
(A.10)

(A.11)

| C . = 1 if Ah’tWt > {h,téNth,
MM 00 i AW < GhoKeh,

wheredns, ¢ht, andyy, are the costate variables associated with the budget con-
straint, law of motion fon,;, and CIA constraint, respectively.
From (A.6), (A.8), (A.9), and the Fisher equation, we obtain

iR,t =h+ e = i >0. (A12)

The money rental rate becomes equal to the nominal interest rate. (A.6) and
(A.12), together witkc,; > O, imply y: > O for all h andt > 0. Then, the CIA
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constraints of all agents are always binding, which ensukgs- x,; = 0. From
(A.5), (A.6), and (A.8), we obtain the following consumption Euler equation:
=2 =) (A13)

From (A.6) and (A.7), we know that is still given by (12). By using (A.6),

we rewrite (A.10) asl -7 = —lhe+plhs, Wherer, = (1-a)lez- — (1+i6,)nz -

(1 +i6:)é. Let us definern; = ¢ni/Ane. Then, we havevp; = vny + 71, Which

has the following solutioniy; = ftm’ﬁre‘ff g = y,. Thus,v,; represents the

value of an intermediate good firm and is independent of alhlisrom (A.11),

hi satisfies (14) again. We obtain exactly the same conditions as in our basic

model.

B The Dynamics ofh;

Recall that; = F(h})L. Inserting (1) and (12) into (16c) yields

1-a 1
a

7 Lo NeFmL- [ e B
SRt R ey T

(1-a)y

HW”“'L@+@»

Definec, = ¢;/N;. The above equation can be rewritten as

l-a
@

~ e | (A=) (1-a)’| ¢
& =F)- | ariey 1+i6, | L (82
Differentiating (B.2) with respect to time yields
T b
= =Q(h;i)- -, B.3
5 = QD o (B.3)
where
P O € I PR C ) i B
e =35 havio) [1 1710, | T (O
From (11), (15), and the definition ©f, we obtain
N A A (B.4)
— Ct t o B
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whereg(hy) = 6LH(K) is the growth rate oN;.
By using (12) and; = LF(h), we rewriter; as

1

T=T1{( -+ F(h) - (1+i6)e, (8.5)

2-a

wherell = a(1 — @)™« L. Substituting (12) into (3) yields

2(1- l1-a l1-a

S (L +i60,)F N (B.6)

W = a(l— Q’)

By using (B.6), we can rewrite (14) as

2(1-a) —La

a(l-a) < {(L+i6)m} * =woh;. (B.7)

Since the nominal interest ratés constant, (B.7) implies

he

pip— B.
h? Vi ( 8)
Therefore, from (9¢), (B.5), (B.8), angv,; = vi; + 7, we have
_Lla
he  T{(L+i6)n © F(hy) - (1+i6:)¢
= —I. (Bg)
ht Vit
If we use (B.7), the above equation can be written as
he  h (TIF(hY) — O
t — t{ ( t) (I)} _ rt, (B.lO)

hr r
1-a la
wherel = (1/8) - a(1 - )"+ and@(i) = {(1+i6,)n} * (1+i6.)¢.
Finally, let us eliminate, from (B.10). From (B.3), (B.4), and (B.10), we
have

re r(he;i)
1 .
= Troom R {p + og(hy) +

oh {TIF(ht) — @)} Q(he; )
r

}(.B.ll)

By inserting (B.11) into (B.10), we obtain (17).
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C Proof of Proposition 1 and the Hfect of

For anyi € (0, imay), let us defindn(i) by IT- F(h(i)) = @(i). Note thath(i) > hmin
because oF (h(i)) = @(i)/I1 > 0. Equation (17) implies

-
signh—} = sign[®(h;; 1) — o(hy)]. (C.1)
where W(h;i) = Ly {hf {IF(h) - @) —p}.
o r

The definition ofh(i) impliesW(h(i); i) = —p/o < 0 for anyi € (0, imay. Since
®(i) is an increasing function of Assumption 1 ensureB(hmnax 1) > O for any
I € (0,imay. Moreover, forhy e (h(i), hmay, We have &(h;;i)/dhy > 0, where
i €(0,imay-

Fromg(hy) = sLH(h;), we obtaing(hmin) > 0, g'(hy) < 0, andg(hmay = O.
Figure 5 shows the graphs wf(h;;i) andg(h;). There exists a unique steady-
state equilibrium wherk; is constant ah*(i). Since the steady state is unstable,
the economy is always in the steady-state equilibrium.

[Figures 5 and 6 about here.]

In the steady-state equilibriung; becomes constant (see (B.2)). Then,
grows at the same rate &. Because of; = LF(h*(i)) and (12),z becomes
constant. Then, (16¢) shows thétalso grows at the same rate lds (16b)
implies M/M; = g(i) + . Finally, an increase in shifts W(h;; i) downward.
Hence,h*(i) is an increasing function afwith h*(imay) = hmax (S€€ Figure 6).
Thus, we havg(i) > 0if 0 < i < imaxandg(imay = 0.

D Derivation of Equation (21)

From (18a), we obtain

% — LN ()F/(h (7)) -

dh* (i)
di

. (D.1)

From (C.1), we have(i) = ¥(h*(i); i) in the steady-state equilibrium. Then, we
obtain

dg(i) _ {IIF(h(i)) — (i)} + h*(YIIF"(h*(i)) dh*(i)  h"())’(i)
d ol di ol

(D.2)
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By inserting (D.1) into (D.2), we obtain

dg(i) _ L ()’ (i)

. - — —~. (D.3)
di ITF (h*(i)) — @(i)
I+ oloL + FOF ()
Finally, g(i) = ¥(h*(i); i) implies
. . T(p+od(i))
ITF(h*(i)) — @(i) = o (D.4)

By inserting (D.4) into (D.3), we obtain (21).

E A Homogeneous Ability Economy

Although most of the first-order conditions in a heterogeneous ability economy
can be applied to the homogeneous ability case, (9f) must be modified. We
retain the notation used in our heterogeneous ability model as far as possible.

We consider a steady-state equilibrium wherés constant. In an equilibrium
where there are both workers and entreprenayis(0, 1)), (9f) is replaced by
AW, = {téNtﬁ. Accordingly, (14) is replaced by, = v; - SN¢h.

In a homogeneous ability economy, andw; are still given by (13) and
(B.6), respectively. In a steady-state equilibrium, (13) implies 7/r. The
Euler equation (11) implies= p+og". Since the number of workerslis- Lg,
7y IS now given by

T = I{n(L +i6,) 7 q - (1 +i6.)¢. (E.1)

By using (B.6), (E.1)y =7/r, andr = p+og", we can rewritey, = v; - 6N:h as

_=TIq - ®() w_ 1 [hillg- @)}
hp+a-gH’ or g = { p}. (E.2)

I =
r

From this equation together witft! = 5FL(1 — @), we obtain (23) and

h(®(i) + oT6L) + pIr

a0 = (I + oTSL)

(E.3)
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F Proof of Proposition 2

From (E.2),0(1) = ¥(h*(i); i) andg"(i) = g(i) > 0, we obtain

_ h{Iq() - @) h* (i) {ITF (" (i)) — @ () _
g“(i)=},-{ | a }—p}:é{ | F }—p}=g(i)>o,
which implies

11 - (ha(i) - b ()F(h*(@))) = @() - (h - h*(7)). (F.1)

From the above equation together with> 0 and®(i) > 0, the following holds:
signfha(i) - h*(DF (" (@)} = signth - h* (). (F2)

From (E.2) andy™ (i) > 0, IIq(i) > (i) holds, which impliedI > ®(i) because
of q(i) € (0, 1). Then, (F.1) implies

lha(i) - h*()F (h* (@)l < h = b (). (F.3)
From the definitions ofi" (i) andg(i), we have

sLh(1 - q(i)), (F.4)

hmax hmax — —_ —
SL f ~ hdF(h) > 6L f  h@dF(h) = sLh(){1 - F( ()IF.5)
he (i) he ()

g"(i)
a(i)

SincegH (i) = g(i), the above two equations imply
SLh(1 - q(i) > sLh*(i){1 - F(h*())} = h-h*() > hq- b ()F(h*(i). (F.6)

Now, we proveh*(i) < h by contradiction. Assume that(i) = h. Then,
(F.6) implies 0= h — h*(i) > hq(i) - h*(i)F(h*(i)), which contradicts equation
(F.2). Next, assume that(i) > h. Then, (F.6) implies &> h — h*(i) > hq-
h*(i)F (h*(i)), which contradicts (F.3). Therefore, we can concludehhat?(j).

Sinceh*(i) increases with, h*(i) < h holds fori < i. Then, for anyi < i, we
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have

i oLh*()@'(i
0> Aigl) = R ()r<p(+) i0)
TR e GiyeF (e )
_(5Lh*(i)®’(i) ( F({)+o-g(i)? >0)
T+ oToL (h([)2F (h* ()
“Tvorat (7> 70)
= A7),

whereA, 4(i) = dg(i)/di andA[}(i) = dg™(i)/di. SinceAq(i) > Afy(i) holds at
i =i, i must be unique from the continuity gfi) andg" (i).

Remember that a larga 4(i)| (A7, (1)) implies a largdA, (i)l (IA74(0)]) (see
(22)). Then, for any € (0, i], we have 0> A, 4(i) > Al'jg(i).

G Proof of Proposition 3

First, let us consider the homogeneous ability case. From (18b), we have 0
@'(i) < +oo for all'i € (0,if.)). Thus, (24) implies G- Ai'fg(i)(s %) > —00
for alli € (0,if,y)- From (22), we have & Aff (i) > —co for all i € (0, if,,)-

We next consider the heterogeneous ability case. As shown in Figure 6, we
haveh*(imaxy) = hmaxandg(imax) = 0. Then, (21) can be written as

dg(i) _ SLD (imax)
di lisimax  IT+o0T6L I'p

+
Pmax (hmax*F’ (hma)

Ai,g(imax) =

Let us take a limithpax — +o0. From (19), we have i), -+w imax = Imax
whereinax satisfied] = ®(imay. Then, we obtain

o dg()) SLY (ima)
hm!lLr—T’]‘*'Oo Al’g(lmaX) B hmr!lLr—]:l‘*'oo d| i=imax T rp
Iimhmax—>+oo(hmax)3|:/(hmax)

Since®’ (imay is finite, when im, . +c0(Nmax)3F’ (Nmay) = +o0, we obtain

hmax—+o0
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Therefore, wheln,,is suficiently large, we have

0> min {ARD} > Aiglimay.
SinceA; 4(i)(= dg(i)/di) is continuous iri, we have (27) for a dticiently large
I € (0,imay. Since a largdA;4(i)| implies a largelA, 4(i)l, (28) holds for a
suficiently largei € (0, imay-
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Figure 1: Nominal interest rate, inflation rate, and growth.
The solid lines show the graphs of the heterogeneous ability economy. The
dashed lines show the graphs of the homogeneous ability economy.
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